FISICA da MATERIA CONDENSADA
Mestrado em Engenharia Fisica Tecnolégica
Série 3b

1. Masses, Lagrangian, Hamiltonian and Legéndre transformation.

a) Starting from the Lagrangian £(Z,7) = —mc*\/1 — (£)2 — V(&), for a
point particle, show that the equation of motion of the particle dp =-VV,
with p' = mY_ can be writen as m,d, + myay = —VV, Where (@) =

1-(%)?
% PG and (@) = X, B4, with B =
the (transversal and longitudinal) masses m | and my.

|. Determine

b) Using for the energy the expession E=mc*/1+ ( ) +V (&), obtain
98 — §and 2L = Lpy ] P where P/ = 22" and P, = I — P,

o piopl T my Il I
What are m  and my, accordlng to this definition? Verify that the masses
and the projectors are the same as obtained above.
c) Explain this fact, using that the Hamiltonian is given by a Legéndre
transformation of the Lagrangian.
2
Hint: 2~ = L :1/1+(%> :

—(2)?

2. Tight binding interaction and effective mass.
Consider a free electron system, in a d-dimensional lattice, with Hamil-
tonian given by

d
M= 3 Y (@tea(F +a) +he. =3 ale(k)a

z Kk

where a(7) = f e a,C and af(Z) = o= 2R a%e”
negative.
a) Obtain the band energy

e(k) = > 2t, cos(kqa).

a=1

b) Define the effective masses m_j = 8(1 Ealz) , for k, =0 and k, = £7/a.

Interpret physically the results.



3. Density of states in a d-dimensional isotropic system.
a) In a d-dimensional system, in the thermodynamic limit, we can write

1 Ak o i
v%%/(%)df(k):/o ek f ) Gy

where |k| = |k| and Sy is the area of the sphere in a d-dimensional space.
Choosing f(k) = e~'7, show that

2d/?
Si = —3
I'(3)
giving S1 = 2, S5 = 27 and S3 = 4w, for d = 1,2, 3. )
b) Considering a system of free particles with energy given by €(k) = (222

(parabolic band), show that Dy(e(k)) =, defined by

dk o0
| G (k) = [ Pale)f(e)ae
is given by
Sy ..dk 1 Sy .51 Sy m [2me =
Dy(e) = (QW)d/Cd 1@ = 5(27T>dk‘d 2£ = (27r)dh2( 72 )

dk?

c) Plot Dy(€), as a function of ¢, for d = 1,2, 3.

4. Quantum gas in two dimensions.

Consider a free Bosonic or Fermionic system, in 2 dimensions, in thermal
equilibrium at temperature 7T'.

a) Write down the equations for N =< N >and E =< >.

b) Solve the equation N =< N > for s.

c) Show that the specific heat of the Bosonic and Fermionic systems is
the same.

References:

Quantum Statistics of Ideal Gases in Two Dimensions, R. M. May, Phys.
Rev. 153, A1515 (1964).

Specific Heat of Two-Dimensional Ideal quantum Gases, V. V. Ul'yanov
and S. S. Sokolov, Soviet Physics Journal 18, 138-139 (1975).



5. Itinerant magnetism at 7' = 0.
Consider a system with a fixed number N of electrons, described by the
Hubbard model with Hamiltonian given by

H=> > C;rgtijcja + U nigngy,
ij © 7

without external magnetic field, at temperature 7' = 0.
a) Use the product of two Slater determinants, one for each value of the
spin, or, equivalently, modify the usual Fermi sea, according to

|(I)Stoner >= H C]E‘T H C£'¢|O>
k<kpr  k<kp,

for the ferromagnetic state with a uniform magnetization M = %(NT — N),
minimize the energy &2 =< H >, subject to the constraint N = N; + N|,
introducing a Lagrange multiplier u, leading to the equations

E(kFT)—M—FUTu =0
E(kpi)—M—FU?’LT =0

I N Ny
where ny = 3+, n, = 37, giving

E(k‘p¢) + Um = E(kpi) + Un¢
together with

N = N;+ N,.
Interpret physically.
2
b) Considering free electrons with energy given by e(k) = (zim) show that
2DE 9 2m 2m 1 2m
v _ 2 1 “'o\5/3 1_75/3 7DU1_72
V= 2l s - 2]y oo - ()

where n = %, m = % and D is the density of states at kg, in the absence of

interactions i.e. for U = 0.

Minimizing the energy, verify that there is a trivial solution m = 0 and,
using the nontrivial solution, find the Stoner condition DU > 1 for the
existence of the phase transition at 7' = 0.

¢) Show that the magnetic phase is energetically more stable, when the
Stoner criterion is satisfied.



