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FIG. 8. Comparison of isospin 1/2 and 3/2 partial-wave amplitudes (L2I,2J ) from Tπ = 0 to 2.6 GeV. Solid (dashed) curves give the real
(imaginary) parts of the SP06 amplitudes. The FA02 solution (valid to 2.1 GeV) [4] is plotted with long dash-dotted (real part) and short
dash-dotted (imaginary part) lines. All amplitudes are dimensionless.

The quantity ϵX is generally associated with the systematic
uncertainty (if known.) The modified χ2 function, to be
minimized, is then given by
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where the subscript i labels data points within the distribution,
θ

exp
i is an individual measurement, θi is the calculated value,

and ϵi is the statistical uncertainty. For total cross sections and
excitation data, we have combined statistical and systematic
uncertainties in quadrature.

Renormalization freedom significantly improves our best-
fit results, as shown in Table III. This renormalization
procedure was also applied to the KH solutions. Here, however,
only the normalization constants were searched to minimize
χ2 (since no adjustment of the partial waves was possible).
In cases where the systematic uncertainty varies with angle,
this procedure may be considered a first approximation.
Clearly, this procedure can significantly improve the overall

χ2 attributed to a fit and has been applied in calculating the
χ2 values of Table I.

In Table II, we compare the energy-dependent and SES
results over the energy bins used in each single-energy
analysis. The quantity δχ2 computes [χ2(SP06) − χ2(SES)]
divided by the number of data in each single-energy bin,
providing a measure of the agreement between an individual
SES and the global SP06 results (see Fig. 3). Also listed is the
number of parameters varied in each SES. As was emphasized
in Ref. [4], the SES are generated mainly to search for missing
structures in the global fit.

Figures 4 through 7 compare the energy-dependent fits
SP06 and KA84 [2] over the SP06 energy range (with KA84
valid to 10 GeV/c). The SP06 analysis has fitted waves up
to l = 8, compared to l = 7 for FA02. Deviations from the
KA84 results are largest in the isospin 3/2 amplitudes. One
possible explanation is illustrated in Fig. 2, which compares
the KA84 solution to a Barrelet-transformed version versus the
double-polarization quantity A for π+p (I = 3/2) scattering.
This exercise and resulting changes to the KA84 isospin 3/2
amplitudes were discussed in Ref. [22] (see also the comments
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realization of the symmetry above (e.g., [26,27]). For the
purposes of these comparisons, it is helpful to introduce a
spectroscopic notation: X2Sþ1L!J

P, where X is the
Nucleon N or the Delta !, S is the Dirac spin, L ¼
S; P;D; . . . denotes the combined angular momentum of
the derivatives, ! ¼ S, M, or A is the permutational sym-
metry of the derivative, and JP is the total angular momen-
tum and parity. This notation also is used in Table IV,
which we discuss now.

In the negative-parity N# spectrum, there is a pattern of
five low-lying levels, consisting of two N1

2
$ levels, two

N3
2
$ levels, and one N5

2
$ level. The triplet of higher levels

in this group of five is nearly degenerate with a pair of !1
2
$

and !3
2
$ levels. This pattern of Nucleon and Delta levels is

consistent with an L ¼ 1$ P-wave spatial structure with
mixed symmetry, PM . As shown in Table IV, the same
numbers of states are obtained in the SUð6Þ 'Oð3Þ classi-
fication for the negative-parity Nucleon and Delta states

constructed from the ‘‘nonrelativistic’’ Pauli spinors as we
find in the lattice spectra. The lowest two N#$ states are
dominated by operators constructed in the notation of
Eq. (13) as NM ' ðS ¼ 1

2
þÞM ' ðL ¼ 1$ÞM ! JP ¼ 1

2
$

and 3
2
$, while the three higher N#$ levels are dominated

by operators constructed according to NM ' ðS ¼ 3
2
þÞS '

ðL ¼ 1$ÞM with JP ¼ 1
2
$, 3

2
$ and 5

2
$. Similarly, the low-

lying Delta levels are consistent with a !1
2
$ and !3

2
$

assignment. There are no low-lying negative-parity S ¼ 3
2

Delta states since a totally symmetric state (up to antisym-
metry in color) cannot be formed. Consequently, there is no
low-lying !5

2
$, which agrees with the lattice spectrum. In

the nonrelativistic quark model [26], a hyperfine contact
term is introduced to split the doublet and quartet states up
and down, respectively, compared to unperturbed levels
and the tensor part of the interaction provides some addi-
tional splitting. The result is that the doublet Delta states
are nearly degenerate with the quartet Nucleon states as is
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FIG. 11 (color online). Spin-identified spectrum of Nucleons and Deltas from the lattices at m! ¼ 524 MeV, in units of the
calculated " mass.
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FIG. 12 (color online). Spin-identified spectrum of Nucleons and Deltas from the lattices at m! ¼ 396 MeV, in units of the
calculated " mass.
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(imaginary) parts of the SP06 amplitudes. The FA02 solution (valid to 2.1 GeV) [4] is plotted with long dash-dotted (real part) and short
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Figure 5: Volume dependence of the energy levels predicted by our model for
I = 1/2 πN scattering for periodic (upper) and antiperiodic (lower) boundary
conditions. Masses and decay constants are taken from the calculation by the
QCDSF collaboration, see Ref. [62].

The amplitude using the QCDSF parameter set is shown in
the upper panel of Fig. 4. In contrast to the ETMC case, a clear
resonance signal is visible below the KΛ threshold, that is the
first inelastic channel in this parameter setup. Indeed, we find
a pole N1 on the corresponding Riemann sheet, as indicated in
the lower left panel. Unlike in the ETMC case, it is not hidden
behind a threshold. Between the KΛ and the KΣ threshold,
there is only the hidden pole N2 (right panel). The KΣ and ηN
thresholds are almost degenerate and on sheets corresponding
to these higher-lying thresholds we only find hidden poles. The
precise pole positions are

WSet B
N1 = (1562 − i 38) MeV,

WSet B
N2 = (1479 − i 34) MeV (hidden). (20)

Discretizing the present model as described in Sec. 2.2 we ob-
tain the energy levels shown in Fig. 5. For periodic boundary
conditions (upper panel) we observe that most of energy levels
are close to the two-particle thresholds for large L. At the po-
sition of the N1 pole, there is a level. However, we have here
a pole close to a threshold, with a second channel open. This
is precisely the situation of the f0(980) discussed in depth in
Ref. [32]. In the following section we discuss strategies to ex-
tract the amplitude in such cases.
Using antiperiodic boundary conditions for the strange

quark, as shown in the lower panel of Fig. 5, the singularity
at the KΛ threshold is removed. In that case, we observe an

almost L-independent level very close to the position of the N1
pole. As the resonance is quite narrow, one might identify this
level with the N1 pole, although there are, of course, still finite-
volume corrections.
While the extraction of the N1 pole is quite promising for the

parameters used by the QCDSF collaboration, one should still
realize that this pole is on a different sheet than the one of the
N(1535) or the N(1650). It is not evident what happens to this
pole as the masses and decay constants approach the physical
point and thus the various thresholds get ordered correctly.

3.3. Discussion and outlook
The negative parity S 11 partial wave in meson-baryon scat-

tering is very complex due to many threshold openings and two
resonances, one of which strongly coupling to the ηN chan-
nel. Those resonances are also believed to have a strong sub-
threshold couplings to the KY channels. Fitting the physical
amplitude and thus fixing low-energy constants and scales, we
use the quark mass dependence of theWeinberg-Tomozawa and
the NLO contact terms to predict the amplitude for typical lat-
tice setups. Depending on the masses and decay constants, res-
onance poles may become hidden behind thresholds as in case
of the ETMC setup. In the QCDSF setup, there is one pole vis-
ible as a prominent resonance on the physical. However, in that
setup the threshold ordering is reversed and it is not clear what
happens to this pole as the quark masses are lowered.
For these amplitudes at unphysical quark masses, we have

predicted the finite-volume level-spectrum. Resonances usually
manifest themselves in avoided level crossing. However, in S -
wave there is the additional complication that inelastic thresh-
olds induce the same pattern. If resonances are close to thresh-
olds, it is very difficult to disentangle the dynamics, as is ob-
served for both setups studied. The effect of the KY thresholds
may be reduced by introducing twisted boundary conditions for
the strange. Indeed, for the QCDSF setup we observe an al-
most L-independent level close to the resonance position. This
shows that changing the boundary conditions promises indeed
for a cleaner resonance extraction, although the technical real-
ization on the lattice is intricate. In any case, modified boundary
conditions for the strange quark shed light on the nature of the
JP = 1/2− resonances and their supposed strong coupling to
the hidden strangeness KY channels.
In Ref. [32] it was discussed how to combine lattice data

from different boundary conditions to extrapolate resonances
in a two-channel problem to the infinite-volume limit. If one
makes minimal assumptions on the smoothness of the poten-
tial, information from different energies may be combined to
allow for a quantitative resonance extraction. A complimentary
way to obtain more information from the lattice, without having
to change the volume, is the use of moving frames. Unlike the
ππ case, in meson-baryon scattering there are, however, many
large higher partial waves of different parity, and the disentan-
glement of the S -wave contribution might become difficult.
In summary, we have shown that due to the many thresholds

the N(1535) and N(1650) may become hidden in a unitary chi-
ral extrapolation of the amplitude to unphysical quark masses.
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values in the chiral limit of the chiral condensate and the
pion decay constant as follows: B0 = − < 0|q̄q|0 >0 /f2
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and thus it carries no quark mass dependence. To one
loop, there are some corrections, and the physical meson
masses now read:
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Note, however, that all the quark mass dependence
always appears through the leading order masses M2

0P
defined in Eq.(2). As a matter of fact, this also happens
in the ChPT amplitudes, which means that studying the
quark mass dependence, keeping B0 fixed, is nothing but
studying the meson mass dependence. In practice, and in
order to get rid of the B0 constant, we will recast all our
results in terms of masses normalized to their physical
values:
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Note that, from now on, a quantity with a “phys” sub-
script refers to the value of that quantity in the physical
case. Thus, in this work we will change quark masses,
that, using Eqs.(3), (4) and (5), imply a change in meson
masses, which are the ones appearing explicitly in the
ChPT scattering amplitudes.
There are many advantages in using meson masses as

the variation parameter, since, contrary to quark masses
that have a complicated and scale dependent definition
on the QCD renormalization scheme, meson masses are
observables, with no scale dependence and a straight-
forward physical interpretation. Actually, many lattice
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given in Table I.

results are also recast in terms of pion or kaon mass vari-
ations. Unfortunately the simple relations in Eqs.(6) and
(7) are exact only when written in terms of the leading
order masses M0P , not the observable ones. Neverthe-
less, the one-loop corrections become numerically small
when taking ratios so that, to a good degree of approx-
imation, the reader still can think in terms of physical
meson masses instead of their leading order values. Ac-
tually, in Fig.1 we show that within the range of quark
mass variations that we will consider in this work, the
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Figure 5: Volume dependence of the energy levels predicted by our model for
I = 1/2 πN scattering for periodic (upper) and antiperiodic (lower) boundary
conditions. Masses and decay constants are taken from the calculation by the
QCDSF collaboration, see Ref. [62].

The amplitude using the QCDSF parameter set is shown in
the upper panel of Fig. 4. In contrast to the ETMC case, a clear
resonance signal is visible below the KΛ threshold, that is the
first inelastic channel in this parameter setup. Indeed, we find
a pole N1 on the corresponding Riemann sheet, as indicated in
the lower left panel. Unlike in the ETMC case, it is not hidden
behind a threshold. Between the KΛ and the KΣ threshold,
there is only the hidden pole N2 (right panel). The KΣ and ηN
thresholds are almost degenerate and on sheets corresponding
to these higher-lying thresholds we only find hidden poles. The
precise pole positions are
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N1 = (1562 − i 38) MeV,
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N2 = (1479 − i 34) MeV (hidden). (20)

Discretizing the present model as described in Sec. 2.2 we ob-
tain the energy levels shown in Fig. 5. For periodic boundary
conditions (upper panel) we observe that most of energy levels
are close to the two-particle thresholds for large L. At the po-
sition of the N1 pole, there is a level. However, we have here
a pole close to a threshold, with a second channel open. This
is precisely the situation of the f0(980) discussed in depth in
Ref. [32]. In the following section we discuss strategies to ex-
tract the amplitude in such cases.
Using antiperiodic boundary conditions for the strange

quark, as shown in the lower panel of Fig. 5, the singularity
at the KΛ threshold is removed. In that case, we observe an

almost L-independent level very close to the position of the N1
pole. As the resonance is quite narrow, one might identify this
level with the N1 pole, although there are, of course, still finite-
volume corrections.
While the extraction of the N1 pole is quite promising for the

parameters used by the QCDSF collaboration, one should still
realize that this pole is on a different sheet than the one of the
N(1535) or the N(1650). It is not evident what happens to this
pole as the masses and decay constants approach the physical
point and thus the various thresholds get ordered correctly.

3.3. Discussion and outlook
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tering is very complex due to many threshold openings and two
resonances, one of which strongly coupling to the ηN chan-
nel. Those resonances are also believed to have a strong sub-
threshold couplings to the KY channels. Fitting the physical
amplitude and thus fixing low-energy constants and scales, we
use the quark mass dependence of theWeinberg-Tomozawa and
the NLO contact terms to predict the amplitude for typical lat-
tice setups. Depending on the masses and decay constants, res-
onance poles may become hidden behind thresholds as in case
of the ETMC setup. In the QCDSF setup, there is one pole vis-
ible as a prominent resonance on the physical. However, in that
setup the threshold ordering is reversed and it is not clear what
happens to this pole as the quark masses are lowered.
For these amplitudes at unphysical quark masses, we have

predicted the finite-volume level-spectrum. Resonances usually
manifest themselves in avoided level crossing. However, in S -
wave there is the additional complication that inelastic thresh-
olds induce the same pattern. If resonances are close to thresh-
olds, it is very difficult to disentangle the dynamics, as is ob-
served for both setups studied. The effect of the KY thresholds
may be reduced by introducing twisted boundary conditions for
the strange. Indeed, for the QCDSF setup we observe an al-
most L-independent level close to the resonance position. This
shows that changing the boundary conditions promises indeed
for a cleaner resonance extraction, although the technical real-
ization on the lattice is intricate. In any case, modified boundary
conditions for the strange quark shed light on the nature of the
JP = 1/2− resonances and their supposed strong coupling to
the hidden strangeness KY channels.
In Ref. [32] it was discussed how to combine lattice data

from different boundary conditions to extrapolate resonances
in a two-channel problem to the infinite-volume limit. If one
makes minimal assumptions on the smoothness of the poten-
tial, information from different energies may be combined to
allow for a quantitative resonance extraction. A complimentary
way to obtain more information from the lattice, without having
to change the volume, is the use of moving frames. Unlike the
ππ case, in meson-baryon scattering there are, however, many
large higher partial waves of different parity, and the disentan-
glement of the S -wave contribution might become difficult.
In summary, we have shown that due to the many thresholds

the N(1535) and N(1650) may become hidden in a unitary chi-
ral extrapolation of the amplitude to unphysical quark masses.
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Note, however, that all the quark mass dependence
always appears through the leading order masses M2

0P
defined in Eq.(2). As a matter of fact, this also happens
in the ChPT amplitudes, which means that studying the
quark mass dependence, keeping B0 fixed, is nothing but
studying the meson mass dependence. In practice, and in
order to get rid of the B0 constant, we will recast all our
results in terms of masses normalized to their physical
values:
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=
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Note that, from now on, a quantity with a “phys” sub-
script refers to the value of that quantity in the physical
case. Thus, in this work we will change quark masses,
that, using Eqs.(3), (4) and (5), imply a change in meson
masses, which are the ones appearing explicitly in the
ChPT scattering amplitudes.
There are many advantages in using meson masses as

the variation parameter, since, contrary to quark masses
that have a complicated and scale dependent definition
on the QCD renormalization scheme, meson masses are
observables, with no scale dependence and a straight-
forward physical interpretation. Actually, many lattice
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results are also recast in terms of pion or kaon mass vari-
ations. Unfortunately the simple relations in Eqs.(6) and
(7) are exact only when written in terms of the leading
order masses M0P , not the observable ones. Neverthe-
less, the one-loop corrections become numerically small
when taking ratios so that, to a good degree of approx-
imation, the reader still can think in terms of physical
meson masses instead of their leading order values. Ac-
tually, in Fig.1 we show that within the range of quark
mass variations that we will consider in this work, the

realization of the symmetry above (e.g., [26,27]). For the
purposes of these comparisons, it is helpful to introduce a
spectroscopic notation: X2Sþ1L!J

P, where X is the
Nucleon N or the Delta !, S is the Dirac spin, L ¼
S; P;D; . . . denotes the combined angular momentum of
the derivatives, ! ¼ S, M, or A is the permutational sym-
metry of the derivative, and JP is the total angular momen-
tum and parity. This notation also is used in Table IV,
which we discuss now.

In the negative-parity N# spectrum, there is a pattern of
five low-lying levels, consisting of two N1

2
$ levels, two

N3
2
$ levels, and one N5

2
$ level. The triplet of higher levels

in this group of five is nearly degenerate with a pair of !1
2
$

and !3
2
$ levels. This pattern of Nucleon and Delta levels is

consistent with an L ¼ 1$ P-wave spatial structure with
mixed symmetry, PM . As shown in Table IV, the same
numbers of states are obtained in the SUð6Þ 'Oð3Þ classi-
fication for the negative-parity Nucleon and Delta states

constructed from the ‘‘nonrelativistic’’ Pauli spinors as we
find in the lattice spectra. The lowest two N#$ states are
dominated by operators constructed in the notation of
Eq. (13) as NM ' ðS ¼ 1

2
þÞM ' ðL ¼ 1$ÞM ! JP ¼ 1

2
$

and 3
2
$, while the three higher N#$ levels are dominated

by operators constructed according to NM ' ðS ¼ 3
2
þÞS '

ðL ¼ 1$ÞM with JP ¼ 1
2
$, 3

2
$ and 5

2
$. Similarly, the low-

lying Delta levels are consistent with a !1
2
$ and !3

2
$

assignment. There are no low-lying negative-parity S ¼ 3
2

Delta states since a totally symmetric state (up to antisym-
metry in color) cannot be formed. Consequently, there is no
low-lying !5

2
$, which agrees with the lattice spectrum. In

the nonrelativistic quark model [26], a hyperfine contact
term is introduced to split the doublet and quartet states up
and down, respectively, compared to unperturbed levels
and the tensor part of the interaction provides some addi-
tional splitting. The result is that the doublet Delta states
are nearly degenerate with the quartet Nucleon states as is
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FIG. 8. Comparison of isospin 1/2 and 3/2 partial-wave amplitudes (L2I,2J ) from Tπ = 0 to 2.6 GeV. Solid (dashed) curves give the real
(imaginary) parts of the SP06 amplitudes. The FA02 solution (valid to 2.1 GeV) [4] is plotted with long dash-dotted (real part) and short
dash-dotted (imaginary part) lines. All amplitudes are dimensionless.

The quantity ϵX is generally associated with the systematic
uncertainty (if known.) The modified χ2 function, to be
minimized, is then given by

χ2 =
!

i

"
Xθi − θ

exp
i

ϵi

#2

+
"

X − 1
ϵX

#2

, (1)

where the subscript i labels data points within the distribution,
θ

exp
i is an individual measurement, θi is the calculated value,

and ϵi is the statistical uncertainty. For total cross sections and
excitation data, we have combined statistical and systematic
uncertainties in quadrature.

Renormalization freedom significantly improves our best-
fit results, as shown in Table III. This renormalization
procedure was also applied to the KH solutions. Here, however,
only the normalization constants were searched to minimize
χ2 (since no adjustment of the partial waves was possible).
In cases where the systematic uncertainty varies with angle,
this procedure may be considered a first approximation.
Clearly, this procedure can significantly improve the overall

χ2 attributed to a fit and has been applied in calculating the
χ2 values of Table I.

In Table II, we compare the energy-dependent and SES
results over the energy bins used in each single-energy
analysis. The quantity δχ2 computes [χ2(SP06) − χ2(SES)]
divided by the number of data in each single-energy bin,
providing a measure of the agreement between an individual
SES and the global SP06 results (see Fig. 3). Also listed is the
number of parameters varied in each SES. As was emphasized
in Ref. [4], the SES are generated mainly to search for missing
structures in the global fit.

Figures 4 through 7 compare the energy-dependent fits
SP06 and KA84 [2] over the SP06 energy range (with KA84
valid to 10 GeV/c). The SP06 analysis has fitted waves up
to l = 8, compared to l = 7 for FA02. Deviations from the
KA84 results are largest in the isospin 3/2 amplitudes. One
possible explanation is illustrated in Fig. 2, which compares
the KA84 solution to a Barrelet-transformed version versus the
double-polarization quantity A for π+p (I = 3/2) scattering.
This exercise and resulting changes to the KA84 isospin 3/2
amplitudes were discussed in Ref. [22] (see also the comments
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(imaginary) parts of the SP06 amplitudes. The FA02 solution (valid to 2.1 GeV) [4] is plotted with long dash-dotted (real part) and short
dash-dotted (imaginary part) lines. All amplitudes are dimensionless.

The quantity ϵX is generally associated with the systematic
uncertainty (if known.) The modified χ2 function, to be
minimized, is then given by
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where the subscript i labels data points within the distribution,
θ

exp
i is an individual measurement, θi is the calculated value,

and ϵi is the statistical uncertainty. For total cross sections and
excitation data, we have combined statistical and systematic
uncertainties in quadrature.
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possible explanation is illustrated in Fig. 2, which compares
the KA84 solution to a Barrelet-transformed version versus the
double-polarization quantity A for π+p (I = 3/2) scattering.
This exercise and resulting changes to the KA84 isospin 3/2
amplitudes were discussed in Ref. [22] (see also the comments
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Figure 5: Volume dependence of the energy levels predicted by our model for
I = 1/2 πN scattering for periodic (upper) and antiperiodic (lower) boundary
conditions. Masses and decay constants are taken from the calculation by the
QCDSF collaboration, see Ref. [62].

The amplitude using the QCDSF parameter set is shown in
the upper panel of Fig. 4. In contrast to the ETMC case, a clear
resonance signal is visible below the KΛ threshold, that is the
first inelastic channel in this parameter setup. Indeed, we find
a pole N1 on the corresponding Riemann sheet, as indicated in
the lower left panel. Unlike in the ETMC case, it is not hidden
behind a threshold. Between the KΛ and the KΣ threshold,
there is only the hidden pole N2 (right panel). The KΣ and ηN
thresholds are almost degenerate and on sheets corresponding
to these higher-lying thresholds we only find hidden poles. The
precise pole positions are

WSet B
N1 = (1562 − i 38) MeV,

WSet B
N2 = (1479 − i 34) MeV (hidden). (20)

Discretizing the present model as described in Sec. 2.2 we ob-
tain the energy levels shown in Fig. 5. For periodic boundary
conditions (upper panel) we observe that most of energy levels
are close to the two-particle thresholds for large L. At the po-
sition of the N1 pole, there is a level. However, we have here
a pole close to a threshold, with a second channel open. This
is precisely the situation of the f0(980) discussed in depth in
Ref. [32]. In the following section we discuss strategies to ex-
tract the amplitude in such cases.
Using antiperiodic boundary conditions for the strange

quark, as shown in the lower panel of Fig. 5, the singularity
at the KΛ threshold is removed. In that case, we observe an

almost L-independent level very close to the position of the N1
pole. As the resonance is quite narrow, one might identify this
level with the N1 pole, although there are, of course, still finite-
volume corrections.
While the extraction of the N1 pole is quite promising for the

parameters used by the QCDSF collaboration, one should still
realize that this pole is on a different sheet than the one of the
N(1535) or the N(1650). It is not evident what happens to this
pole as the masses and decay constants approach the physical
point and thus the various thresholds get ordered correctly.

3.3. Discussion and outlook
The negative parity S 11 partial wave in meson-baryon scat-

tering is very complex due to many threshold openings and two
resonances, one of which strongly coupling to the ηN chan-
nel. Those resonances are also believed to have a strong sub-
threshold couplings to the KY channels. Fitting the physical
amplitude and thus fixing low-energy constants and scales, we
use the quark mass dependence of theWeinberg-Tomozawa and
the NLO contact terms to predict the amplitude for typical lat-
tice setups. Depending on the masses and decay constants, res-
onance poles may become hidden behind thresholds as in case
of the ETMC setup. In the QCDSF setup, there is one pole vis-
ible as a prominent resonance on the physical. However, in that
setup the threshold ordering is reversed and it is not clear what
happens to this pole as the quark masses are lowered.
For these amplitudes at unphysical quark masses, we have

predicted the finite-volume level-spectrum. Resonances usually
manifest themselves in avoided level crossing. However, in S -
wave there is the additional complication that inelastic thresh-
olds induce the same pattern. If resonances are close to thresh-
olds, it is very difficult to disentangle the dynamics, as is ob-
served for both setups studied. The effect of the KY thresholds
may be reduced by introducing twisted boundary conditions for
the strange. Indeed, for the QCDSF setup we observe an al-
most L-independent level close to the resonance position. This
shows that changing the boundary conditions promises indeed
for a cleaner resonance extraction, although the technical real-
ization on the lattice is intricate. In any case, modified boundary
conditions for the strange quark shed light on the nature of the
JP = 1/2− resonances and their supposed strong coupling to
the hidden strangeness KY channels.
In Ref. [32] it was discussed how to combine lattice data

from different boundary conditions to extrapolate resonances
in a two-channel problem to the infinite-volume limit. If one
makes minimal assumptions on the smoothness of the poten-
tial, information from different energies may be combined to
allow for a quantitative resonance extraction. A complimentary
way to obtain more information from the lattice, without having
to change the volume, is the use of moving frames. Unlike the
ππ case, in meson-baryon scattering there are, however, many
large higher partial waves of different parity, and the disentan-
glement of the S -wave contribution might become difficult.
In summary, we have shown that due to the many thresholds

the N(1535) and N(1650) may become hidden in a unitary chi-
ral extrapolation of the amplitude to unphysical quark masses.
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values in the chiral limit of the chiral condensate and the
pion decay constant as follows: B0 = − < 0|q̄q|0 >0 /f2

0 .
and thus it carries no quark mass dependence. To one
loop, there are some corrections, and the physical meson
masses now read:
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Note, however, that all the quark mass dependence
always appears through the leading order masses M2

0P
defined in Eq.(2). As a matter of fact, this also happens
in the ChPT amplitudes, which means that studying the
quark mass dependence, keeping B0 fixed, is nothing but
studying the meson mass dependence. In practice, and in
order to get rid of the B0 constant, we will recast all our
results in terms of masses normalized to their physical
values:
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m̂phys
=

M2
0π

M2
0π phys

, (6)

ms

ms phys
=

M2
0K −M2

0π/2
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0K phys −M2

0π phys/2
. (7)

Note that, from now on, a quantity with a “phys” sub-
script refers to the value of that quantity in the physical
case. Thus, in this work we will change quark masses,
that, using Eqs.(3), (4) and (5), imply a change in meson
masses, which are the ones appearing explicitly in the
ChPT scattering amplitudes.
There are many advantages in using meson masses as

the variation parameter, since, contrary to quark masses
that have a complicated and scale dependent definition
on the QCD renormalization scheme, meson masses are
observables, with no scale dependence and a straight-
forward physical interpretation. Actually, many lattice
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results are also recast in terms of pion or kaon mass vari-
ations. Unfortunately the simple relations in Eqs.(6) and
(7) are exact only when written in terms of the leading
order masses M0P , not the observable ones. Neverthe-
less, the one-loop corrections become numerically small
when taking ratios so that, to a good degree of approx-
imation, the reader still can think in terms of physical
meson masses instead of their leading order values. Ac-
tually, in Fig.1 we show that within the range of quark
mass variations that we will consider in this work, the
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Figure 5: Volume dependence of the energy levels predicted by our model for
I = 1/2 πN scattering for periodic (upper) and antiperiodic (lower) boundary
conditions. Masses and decay constants are taken from the calculation by the
QCDSF collaboration, see Ref. [62].

The amplitude using the QCDSF parameter set is shown in
the upper panel of Fig. 4. In contrast to the ETMC case, a clear
resonance signal is visible below the KΛ threshold, that is the
first inelastic channel in this parameter setup. Indeed, we find
a pole N1 on the corresponding Riemann sheet, as indicated in
the lower left panel. Unlike in the ETMC case, it is not hidden
behind a threshold. Between the KΛ and the KΣ threshold,
there is only the hidden pole N2 (right panel). The KΣ and ηN
thresholds are almost degenerate and on sheets corresponding
to these higher-lying thresholds we only find hidden poles. The
precise pole positions are
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N2 = (1479 − i 34) MeV (hidden). (20)

Discretizing the present model as described in Sec. 2.2 we ob-
tain the energy levels shown in Fig. 5. For periodic boundary
conditions (upper panel) we observe that most of energy levels
are close to the two-particle thresholds for large L. At the po-
sition of the N1 pole, there is a level. However, we have here
a pole close to a threshold, with a second channel open. This
is precisely the situation of the f0(980) discussed in depth in
Ref. [32]. In the following section we discuss strategies to ex-
tract the amplitude in such cases.
Using antiperiodic boundary conditions for the strange

quark, as shown in the lower panel of Fig. 5, the singularity
at the KΛ threshold is removed. In that case, we observe an

almost L-independent level very close to the position of the N1
pole. As the resonance is quite narrow, one might identify this
level with the N1 pole, although there are, of course, still finite-
volume corrections.
While the extraction of the N1 pole is quite promising for the

parameters used by the QCDSF collaboration, one should still
realize that this pole is on a different sheet than the one of the
N(1535) or the N(1650). It is not evident what happens to this
pole as the masses and decay constants approach the physical
point and thus the various thresholds get ordered correctly.

3.3. Discussion and outlook
The negative parity S 11 partial wave in meson-baryon scat-

tering is very complex due to many threshold openings and two
resonances, one of which strongly coupling to the ηN chan-
nel. Those resonances are also believed to have a strong sub-
threshold couplings to the KY channels. Fitting the physical
amplitude and thus fixing low-energy constants and scales, we
use the quark mass dependence of theWeinberg-Tomozawa and
the NLO contact terms to predict the amplitude for typical lat-
tice setups. Depending on the masses and decay constants, res-
onance poles may become hidden behind thresholds as in case
of the ETMC setup. In the QCDSF setup, there is one pole vis-
ible as a prominent resonance on the physical. However, in that
setup the threshold ordering is reversed and it is not clear what
happens to this pole as the quark masses are lowered.
For these amplitudes at unphysical quark masses, we have

predicted the finite-volume level-spectrum. Resonances usually
manifest themselves in avoided level crossing. However, in S -
wave there is the additional complication that inelastic thresh-
olds induce the same pattern. If resonances are close to thresh-
olds, it is very difficult to disentangle the dynamics, as is ob-
served for both setups studied. The effect of the KY thresholds
may be reduced by introducing twisted boundary conditions for
the strange. Indeed, for the QCDSF setup we observe an al-
most L-independent level close to the resonance position. This
shows that changing the boundary conditions promises indeed
for a cleaner resonance extraction, although the technical real-
ization on the lattice is intricate. In any case, modified boundary
conditions for the strange quark shed light on the nature of the
JP = 1/2− resonances and their supposed strong coupling to
the hidden strangeness KY channels.
In Ref. [32] it was discussed how to combine lattice data

from different boundary conditions to extrapolate resonances
in a two-channel problem to the infinite-volume limit. If one
makes minimal assumptions on the smoothness of the poten-
tial, information from different energies may be combined to
allow for a quantitative resonance extraction. A complimentary
way to obtain more information from the lattice, without having
to change the volume, is the use of moving frames. Unlike the
ππ case, in meson-baryon scattering there are, however, many
large higher partial waves of different parity, and the disentan-
glement of the S -wave contribution might become difficult.
In summary, we have shown that due to the many thresholds

the N(1535) and N(1650) may become hidden in a unitary chi-
ral extrapolation of the amplitude to unphysical quark masses.
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Note, however, that all the quark mass dependence
always appears through the leading order masses M2

0P
defined in Eq.(2). As a matter of fact, this also happens
in the ChPT amplitudes, which means that studying the
quark mass dependence, keeping B0 fixed, is nothing but
studying the meson mass dependence. In practice, and in
order to get rid of the B0 constant, we will recast all our
results in terms of masses normalized to their physical
values:
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Note that, from now on, a quantity with a “phys” sub-
script refers to the value of that quantity in the physical
case. Thus, in this work we will change quark masses,
that, using Eqs.(3), (4) and (5), imply a change in meson
masses, which are the ones appearing explicitly in the
ChPT scattering amplitudes.
There are many advantages in using meson masses as

the variation parameter, since, contrary to quark masses
that have a complicated and scale dependent definition
on the QCD renormalization scheme, meson masses are
observables, with no scale dependence and a straight-
forward physical interpretation. Actually, many lattice
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results are also recast in terms of pion or kaon mass vari-
ations. Unfortunately the simple relations in Eqs.(6) and
(7) are exact only when written in terms of the leading
order masses M0P , not the observable ones. Neverthe-
less, the one-loop corrections become numerically small
when taking ratios so that, to a good degree of approx-
imation, the reader still can think in terms of physical
meson masses instead of their leading order values. Ac-
tually, in Fig.1 we show that within the range of quark
mass variations that we will consider in this work, the

realization of the symmetry above (e.g., [26,27]). For the
purposes of these comparisons, it is helpful to introduce a
spectroscopic notation: X2Sþ1L!J

P, where X is the
Nucleon N or the Delta !, S is the Dirac spin, L ¼
S; P;D; . . . denotes the combined angular momentum of
the derivatives, ! ¼ S, M, or A is the permutational sym-
metry of the derivative, and JP is the total angular momen-
tum and parity. This notation also is used in Table IV,
which we discuss now.

In the negative-parity N# spectrum, there is a pattern of
five low-lying levels, consisting of two N1

2
$ levels, two

N3
2
$ levels, and one N5

2
$ level. The triplet of higher levels

in this group of five is nearly degenerate with a pair of !1
2
$

and !3
2
$ levels. This pattern of Nucleon and Delta levels is

consistent with an L ¼ 1$ P-wave spatial structure with
mixed symmetry, PM . As shown in Table IV, the same
numbers of states are obtained in the SUð6Þ 'Oð3Þ classi-
fication for the negative-parity Nucleon and Delta states

constructed from the ‘‘nonrelativistic’’ Pauli spinors as we
find in the lattice spectra. The lowest two N#$ states are
dominated by operators constructed in the notation of
Eq. (13) as NM ' ðS ¼ 1

2
þÞM ' ðL ¼ 1$ÞM ! JP ¼ 1

2
$

and 3
2
$, while the three higher N#$ levels are dominated

by operators constructed according to NM ' ðS ¼ 3
2
þÞS '

ðL ¼ 1$ÞM with JP ¼ 1
2
$, 3

2
$ and 5

2
$. Similarly, the low-

lying Delta levels are consistent with a !1
2
$ and !3

2
$

assignment. There are no low-lying negative-parity S ¼ 3
2

Delta states since a totally symmetric state (up to antisym-
metry in color) cannot be formed. Consequently, there is no
low-lying !5

2
$, which agrees with the lattice spectrum. In

the nonrelativistic quark model [26], a hyperfine contact
term is introduced to split the doublet and quartet states up
and down, respectively, compared to unperturbed levels
and the tensor part of the interaction provides some addi-
tional splitting. The result is that the doublet Delta states
are nearly degenerate with the quartet Nucleon states as is
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• We assume that QCD is the relativistic quantum field 
theory of quarks and gluon fields with SU(3) gauge 
symmetry, defined by the action

• This theory can be solved from first principles with minimal 
number of input parameters (quark masses and scale fixing 
parameter)	


!
• Hadron properties should be computable from QCD

S =
Z

d

3
x dt L

L = � 1
2g

2
trFµ⌫F

µ⌫ +
X

f

 f (iD/�mf ) f

5

What	  is	  QCD?
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Regulariza*on:	  La0ce	  QCD

6

 

Gluon 

Antiquark 
Quark 

 Ken Wilson

Uµ = ei Aµ 2 SU(3)

lattice spacing a

(1974)

Uµ(x, y, z, ⌧)

Z
[dU ][d ][d ̄] !

X

{U. , ̄}

Quantization:

The path integral becomes a 
well-defined (very large) sum	

over field configurations
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Let’s compute  

…functional integral is approximated by 
computer (Monte Carlo) sampling of 
field configurations……..

(1980)
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Mike Creutz

2314 MICHAEL CREUTZ

IO behavior of Eq. (3.22) occurs rather sharply over
a range of about 10% in P about P =2. This appear-
ance of the confinement mechanism occurs at

= 0.16.
4p

(5.1)

a K

l.o

O. I

The rapid evolution out of the perturbative regime
may be responsible for the remarkable phenome-
nological successes of the bag model. " High-
temperature-series results, "as well as semi-
classical treatments, ' have also suggested an
abrupt onset of confinement.
Our analysis allows a determination of the re-

normalization scale of the coupling in terms of the
string tension. Using the observed asymptotic
normalization

0.0 I

0 |.O
4
2eo

2.0

we can solve for e,' to give
(5.2)

FIG. 6. The cutoff squared times the string tension
as a function of P. The solid lines are the strong- and
weak-coupling limits.

eo 37T

4w ~-0 11 ln(1/aA)' (5.3)

low P =2.1 only loops of side 1 and 2 are signifi-
cantly different from zero so we must include the
loop of side 0 in the fit. Below P =1.6 only the
loop of side 1 is significant and we assume the
area term C dominates. From Eq. (3.21) we iden-
tify

(4.4)
In Fig. 6 we summarize these results by plot-

ting a'K versus p. Here we also plot the strong-
coupling result of Eq. (3.24) and the weak-coupling
conclusion of Eq. (3.22) with an arbitrarily chosen
normalization. From P =1.6 to 1.8 we plot both
the least-square fit and the result of assuming
pure area-law behavior. For P =2.2 and 2.25 we
plot fits including and not including the loop of
side zero. Above P =2.5 the area law is too sub-
dominant relative to the perimeter law for accur-
ate determination. As each temperature is treated
independently of the others, the fluctuations appar-
ent in this figure represent the statistical error
of this analysis.

V. DISCUSSION

Note that the changeover from the strong-coup-
ling behavior of Eq. (3.24) to the weak-coupling

where the renormalization scale is
6m' 1A=@Kexp — = v K.11 200 (5.4)

Thus we see the appearance of a rather large di-
mensionless number. The uncertainty in this co-
efficient is roughly a factor of two because of the
large coefficient in the exponential. The renor-
malization mass should be strongly dependent on
both the gauge group and addition of quarks.
We have shown the onset of asymptotic freedom

for the bare coupling constant in a renormaliza-
tion scheme based on confinement. This is
strongly suggestive that SU(2) non-Abelian gauge
theory simultaneously exhibits confinement and
asymptotic freedom. Furthermore, by reproduc-
ing the asymptotic-freedom prediction, we
strengthen ties between the lattice formulation and
the more conventional perturbative approaches
to gauge theory.
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La0ce	  spectroscopy

11

How	  to	  obtain	  and	  understand	  	  
	  the	  energy	  spectrum?

Ground	  state	  spectroscopy Is	  correct	  only	  for	  stable	  par*cles	  -‐	  
most	  hadrons	  decay	  -‐	  
when	  can	  we	  believe	  mass	  results	  ?

Finite	  volume leads	  to	  discre*sed	  momenta-‐	  
smallest	  k=2π/L	  	  
(for	  L=3	  fm	  k=400	  MeV)

Resonances	  and	  bound	  states require	  inclusion	  of	  hadron-‐hadron	  
channels	  in	  the	  calcula*on
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Varia*onal	  analysis

12

• Compute all cross-correlations for 
several interpolators	

!
!

!
!
!
• Solve the eigenvalue problem. The 

eigenvalues give the energy levels 
(masses):	

!
!
!

• The eigenvectors are “fingerprints” of the 
state and allow to identify the 
“composition” of the state 

�(n)(t) / e�t En
�
1 +O(e�t�En)

�

Lüscher,Wolff: NPB339(90)222	

Michael, NPB259(85)58	

See also Blossier et al., 
JHEP0904(09)094

12
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Interpolators	  and	  propagators

13

hXi(t)X
†
j (0)i

Xi(t)

q̄ q

• should	  have	  the	  correct	  quantum	  numbers	  
(but:	  la0ce	  symmetry	  mixes	  diff.	  angular	  
momenta)	  

• should	  build	  a	  complete	  set	  of	  operators	  in	  the	  
quantum	  channel	  

• “single	  hadron	  approxima*on”:	  use	  only	  
interpolators	  of	  type	  	  	  	  	  	  	  	  	  	  	  	  and	  

• 2-‐hadron	  interpolators	  of	  type	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

• coupled	  channels

q q q

q̄ q q̄ q q̄ q q q q

N, N⇡,

N�, N⇡⇡

N, N⇡

N

Example:
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Wick	  contrac*ons

14

for	  (M,M1M2)	  	  	  	  	  	  	  	  	  	  (M,M1M2)	  	  	  	  	  	  
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Energy	  levels	  and	  phase	  shiD

15

Example: 	

One (periodic) dimension

eikL+2i�(k) = 1
knL+ 2�(kn) = 2n⇥

Discrete momentum ➝ discrete energy 	

➝ phase shift value at that energy

V = const.

V = localized

� = 0

� 6= 0
kn ! �(kn)

2d	  resonance	  example:	  
Ga_ringer	  &	  cbl,	  NPB391	  (93)	  463

Lüscher,	  CMP	  105(86)	  153,	  
NP	  B354	  (91)	  531,	  NP	  B	  364	  (91)	  237



C.B. Lang (2014)

Waves	  and	  Sca_ering	  in	  a	  Finite	  Volume

16

Lüscher, CMP 105(86) 153,	

NP B354 (91) 531, NP B 364 (91) 237

Elastic regime, rest frame:

Symmetry 	

group

Relativistic 
distortion 	


�p = (0, 0, 1)

�p = (1, 1, 0)

Oh

D4d

D2d

~p = (0, 0, 0)
Rummukainen, Gottlieb: NP B 450(1995) 397	

Kim, Sharpe: NP B 727 (2005) 218	

Feng, Jansen, Renner: PoS LAT10 (2010) 104	

Fu, PR  D85 (2012) 014506	

Leskovec, Prelovsek, PR D85 (2012) 114507	

Göckeler et al., PR D 86, 094513 (2012) 	

Döring et al., Eur.Phys.J. A48 (2012)114

cot �(q) =
Z00(1; q2)

⇡3/2q

Moving frames:
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ρ

π001π00-1 π011π0-1-1

Energy	  Levels	  and	  Phase	  ShiDs

17

E/mπ

L mπ

The energy levels depend	

on the spatial volume.	

Resonance region: avoided	

level crossing
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Near	  threshold	  

18

T�1
=

⇢
K�1 � i p for p2 > 0

K�1
+ |p| for p2 < 0

K�1 =
2Z00(1; (

pL
2⇡ )

2)

L
p
⇡

Lüscher,	  CMP	  105(86)	  153,	  
NP	  B354	  (91)	  531,	  NP	  B	  364	  (91)	  237
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Example	  for	  equal	  masses:	  ππ	  p-‐wave	  (ρ)	  

21

Moving	  frames	  and	  
the	  prototype	  resonance:	  ρ	  	  

elasLc	  and	  elegant
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Example	  for	  equal	  masses:	  ππ	  p-‐wave	  (ρ)	  

21
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Tradi*onal	  approach:	  single	  hadron	  operators	  (qq)

In	  the	  tradi*onal	  single	  hadron	  
approach	  the	  ρ	  seems	  to	  be	  
stable:	  no	  ππ	  signals	  are	  found!
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Tradi*onal	  approach:	  single	  hadron	  operators	  (qq)

In	  the	  tradi*onal	  single	  hadron	  
approach	  the	  ρ	  seems	  to	  be	  
stable:	  no	  ππ	  signals	  are	  found!

o
o o

Where is the ππ state?
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Configura*ons

22

Ensemble	  1:	  	  

Hasenfratz	  et	  al.,	  PRD	  78,	  
014515	  &	  054511	  (2008)	  

nf=2	  Wilson	  improved,	  	  	  
4	  nHYP	  

163x32,	  Lx=2	  fm,	  	  	  	  	  	  	  	  	  	  
279	  configs.	  

mπ=266	  MeV,	  	  	  	  	  	  	  
mK=552	  MeV

Propagators

Dis*lla*on	  

HSC,	  Peardon	  et	  al.,	  PRD80,	  
054506	  (2009)	  

nv=96	  

perambulators

⌧↵�ij (t0, t) = v⇤i (t
0)G↵�(t0; t) vj(t)

hM(t0)M†(t)i = �tr [�(t0)⌧(t0, t)�(t)⌧(t, t0)]

vi vj

G(vi ! vj)
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Interpolators

23

4

bers IG(JPC) = 1−(0−+) of the pion, we construct
a matrix C(t)ij of lattice interpolating fields contain-
ing both quark-antiquark and meson-meson (in our case
pion-pion) interpolators

C(t)ij =
!

n

e−tEn
"

0|Oi|n
#"

n|O†
j |0

#

. (17)

For this matrix, the generalized eigenvalue problem

C(t)ψ⃗(n) = λ(n)(t)C(t0)ψ⃗
(n) (18)

is solved for each time slice. For the eigenvalues λ(n)(t)
one obtains

λ(n)(t) ∝ e−t En
$

1 +O
$

e−t∆En
%%

, (19)

so that each eigenvalue is dominated by a single energy
at large time separations. This method is called the vari-
ational method [24–27]. For a detailed discussion of the
energy difference ∆En, which is in general given by the
difference between the energy level in consideration and
the closest neighboring level, please refer to [27].
We calculate the eigenvector components of the regular

eigenvector problem

C(t0)
− 1

2C(t)C(t0)
− 1

2 ψ⃗(n) ′ = λ(n)(t)ψ⃗(n) ′ . (20)

In addition to the eigenvalues, the eigenvectors provide
useful information and can serve as a fingerprint for a
given state. To track the eigenvalue corresponding to a
given energy over the full range of time separations, the
eigenvalues have to be sorted, either by their magnitude
or by scalar products of their eigenvectors. In the pres-
ence of backwards running contributions caused by the
finite time extent of the lattice, a combination of both
methods works well: the eigenvalues are sorted by mag-
nitude at low time separations and by scalar products at
larger time separation. For our analysis we choose this
method.

C. Interpolators

For the ρ channel we employ fifteen quark-antiquark
interpolators and one pion-pion interpolator with JPC =
1−− and |I, I3⟩ = |1, 0⟩ in the variational basis for each of
the three choices for P as given in (2). All previous sim-
ulations aimed at determining the ρ meson width used
at most one quark-antiquark and one pion-pion inter-
polator and extracted the two lowest energy levels from
a 2 × 2 variational basis. This may not be reliable if
the third energy level is nearby and does not allow test-
ing whether the resulting two levels are robust against
the choice of interpolators. A larger basis enables us
to exploit the dependence of the extracted energies on
the choice of the interpolators. It also indicates whether
the lowest two states can be reliably extracted using our
quark-antiquark interpolators alone, or whether the pion-
pion interpolators are required in the variational basis.
The 15 different quark-antiquark interpolators Os

type
(type = 1, .., 5, s = n,m,w) differ in type (Dirac and
color structure) and width of the smeared quarks qs. We
use three different smearing widths s = n, m, w (narrow,
middle, wide) for individual quarks and all quarks in a
given interpolator have the same width s in this simula-
tion. (Choosing different quark widths within an inter-
polator is a straightforward generalization and one just
needs to pay attention that the resulting C-parity is cor-
rect.) The details on the smearing are given in Subsect.
II E. The interpolator O6 is the ππ interpolator whose
structure is explained at the end of this subsection. Our
sixteen ρ interpolators are:

Os
1(t) =

!

x,i

1√
2
ūs(x) Aiγi e

iPx us(x) − {us ↔ ds} (s = n,m,w) ,

Os
2(t) =

!

x,i

1√
2
ūs(x) γtAiγi e

iPx us(x) − {us ↔ ds} (s = n,m,w) ,

Os
3(t) =

!

x,i,j

1√
2
ūs(x)

←−
∇j Aiγi e

iPx −→
∇jus(x) − {us ↔ ds} (s = n,m,w) ,

Os
4(t) =

!

x,i

1√
2
ūs(x) Ai

1
2 [e

iPx −→
∇i −

←−
∇ ie

iPx]us(x) − {us ↔ ds} (s = n,m,w) ,

Os
5(t) =

!

x,i,j,k

1√
2
ϵijl ūs(x) Aiγjγ5 1

2 [e
iPx−→∇ l −

←−
∇ le

iPx]us(x)− {us ↔ ds} (s = n,m,w) ,

Os=n
6 (t) = 1√

2
[π+(p1)π

−(p2)− π−(p1)π
+(p2)] , π±(pi) =

!

x

q̄n(x)γ5τ
±eipixqn(x) . (21)

Up to 18 ρ and ππ operators	

P=(000), (001), (011)
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4

bers IG(JPC) = 1−(0−+) of the pion, we construct
a matrix C(t)ij of lattice interpolating fields contain-
ing both quark-antiquark and meson-meson (in our case
pion-pion) interpolators

C(t)ij =
!

n

e−tEn
"

0|Oi|n
#"

n|O†
j |0

#

. (17)

For this matrix, the generalized eigenvalue problem

C(t)ψ⃗(n) = λ(n)(t)C(t0)ψ⃗
(n) (18)

is solved for each time slice. For the eigenvalues λ(n)(t)
one obtains

λ(n)(t) ∝ e−t En
$

1 +O
$

e−t∆En
%%

, (19)

so that each eigenvalue is dominated by a single energy
at large time separations. This method is called the vari-
ational method [24–27]. For a detailed discussion of the
energy difference ∆En, which is in general given by the
difference between the energy level in consideration and
the closest neighboring level, please refer to [27].
We calculate the eigenvector components of the regular

eigenvector problem

C(t0)
− 1

2C(t)C(t0)
− 1

2 ψ⃗(n) ′ = λ(n)(t)ψ⃗(n) ′ . (20)

In addition to the eigenvalues, the eigenvectors provide
useful information and can serve as a fingerprint for a
given state. To track the eigenvalue corresponding to a
given energy over the full range of time separations, the
eigenvalues have to be sorted, either by their magnitude
or by scalar products of their eigenvectors. In the pres-
ence of backwards running contributions caused by the
finite time extent of the lattice, a combination of both
methods works well: the eigenvalues are sorted by mag-
nitude at low time separations and by scalar products at
larger time separation. For our analysis we choose this
method.

C. Interpolators

For the ρ channel we employ fifteen quark-antiquark
interpolators and one pion-pion interpolator with JPC =
1−− and |I, I3⟩ = |1, 0⟩ in the variational basis for each of
the three choices for P as given in (2). All previous sim-
ulations aimed at determining the ρ meson width used
at most one quark-antiquark and one pion-pion inter-
polator and extracted the two lowest energy levels from
a 2 × 2 variational basis. This may not be reliable if
the third energy level is nearby and does not allow test-
ing whether the resulting two levels are robust against
the choice of interpolators. A larger basis enables us
to exploit the dependence of the extracted energies on
the choice of the interpolators. It also indicates whether
the lowest two states can be reliably extracted using our
quark-antiquark interpolators alone, or whether the pion-
pion interpolators are required in the variational basis.
The 15 different quark-antiquark interpolators Os

type
(type = 1, .., 5, s = n,m,w) differ in type (Dirac and
color structure) and width of the smeared quarks qs. We
use three different smearing widths s = n, m, w (narrow,
middle, wide) for individual quarks and all quarks in a
given interpolator have the same width s in this simula-
tion. (Choosing different quark widths within an inter-
polator is a straightforward generalization and one just
needs to pay attention that the resulting C-parity is cor-
rect.) The details on the smearing are given in Subsect.
II E. The interpolator O6 is the ππ interpolator whose
structure is explained at the end of this subsection. Our
sixteen ρ interpolators are:

Os
1(t) =

!

x,i

1√
2
ūs(x) Aiγi e

iPx us(x) − {us ↔ ds} (s = n,m,w) ,

Os
2(t) =

!

x,i

1√
2
ūs(x) γtAiγi e

iPx us(x) − {us ↔ ds} (s = n,m,w) ,

Os
3(t) =

!

x,i,j

1√
2
ūs(x)

←−
∇j Aiγi e

iPx −→
∇jus(x) − {us ↔ ds} (s = n,m,w) ,

Os
4(t) =

!

x,i

1√
2
ūs(x) Ai

1
2 [e

iPx −→
∇i −

←−
∇ ie

iPx]us(x) − {us ↔ ds} (s = n,m,w) ,

Os
5(t) =

!

x,i,j,k

1√
2
ϵijl ūs(x) Aiγjγ5 1

2 [e
iPx−→∇ l −

←−
∇ le

iPx]us(x)− {us ↔ ds} (s = n,m,w) ,

Os=n
6 (t) = 1√

2
[π+(p1)π

−(p2)− π−(p1)π
+(p2)] , π±(pi) =

!

x

q̄n(x)γ5τ
±eipixqn(x) . (21)

... include   ππ   operator

Up to 18 ρ and ππ operators	

P=(000), (001), (011)
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4

bers IG(JPC) = 1−(0−+) of the pion, we construct
a matrix C(t)ij of lattice interpolating fields contain-
ing both quark-antiquark and meson-meson (in our case
pion-pion) interpolators

C(t)ij =
!

n

e−tEn
"

0|Oi|n
#"

n|O†
j |0

#

. (17)

For this matrix, the generalized eigenvalue problem

C(t)ψ⃗(n) = λ(n)(t)C(t0)ψ⃗
(n) (18)

is solved for each time slice. For the eigenvalues λ(n)(t)
one obtains

λ(n)(t) ∝ e−t En
$

1 +O
$

e−t∆En
%%

, (19)

so that each eigenvalue is dominated by a single energy
at large time separations. This method is called the vari-
ational method [24–27]. For a detailed discussion of the
energy difference ∆En, which is in general given by the
difference between the energy level in consideration and
the closest neighboring level, please refer to [27].
We calculate the eigenvector components of the regular

eigenvector problem

C(t0)
− 1

2C(t)C(t0)
− 1

2 ψ⃗(n) ′ = λ(n)(t)ψ⃗(n) ′ . (20)

In addition to the eigenvalues, the eigenvectors provide
useful information and can serve as a fingerprint for a
given state. To track the eigenvalue corresponding to a
given energy over the full range of time separations, the
eigenvalues have to be sorted, either by their magnitude
or by scalar products of their eigenvectors. In the pres-
ence of backwards running contributions caused by the
finite time extent of the lattice, a combination of both
methods works well: the eigenvalues are sorted by mag-
nitude at low time separations and by scalar products at
larger time separation. For our analysis we choose this
method.

C. Interpolators

For the ρ channel we employ fifteen quark-antiquark
interpolators and one pion-pion interpolator with JPC =
1−− and |I, I3⟩ = |1, 0⟩ in the variational basis for each of
the three choices for P as given in (2). All previous sim-
ulations aimed at determining the ρ meson width used
at most one quark-antiquark and one pion-pion inter-
polator and extracted the two lowest energy levels from
a 2 × 2 variational basis. This may not be reliable if
the third energy level is nearby and does not allow test-
ing whether the resulting two levels are robust against
the choice of interpolators. A larger basis enables us
to exploit the dependence of the extracted energies on
the choice of the interpolators. It also indicates whether
the lowest two states can be reliably extracted using our
quark-antiquark interpolators alone, or whether the pion-
pion interpolators are required in the variational basis.
The 15 different quark-antiquark interpolators Os

type
(type = 1, .., 5, s = n,m,w) differ in type (Dirac and
color structure) and width of the smeared quarks qs. We
use three different smearing widths s = n, m, w (narrow,
middle, wide) for individual quarks and all quarks in a
given interpolator have the same width s in this simula-
tion. (Choosing different quark widths within an inter-
polator is a straightforward generalization and one just
needs to pay attention that the resulting C-parity is cor-
rect.) The details on the smearing are given in Subsect.
II E. The interpolator O6 is the ππ interpolator whose
structure is explained at the end of this subsection. Our
sixteen ρ interpolators are:

Os
1(t) =

!

x,i

1√
2
ūs(x) Aiγi e

iPx us(x) − {us ↔ ds} (s = n,m,w) ,

Os
2(t) =

!

x,i

1√
2
ūs(x) γtAiγi e

iPx us(x) − {us ↔ ds} (s = n,m,w) ,

Os
3(t) =

!

x,i,j

1√
2
ūs(x)

←−
∇j Aiγi e

iPx −→
∇jus(x) − {us ↔ ds} (s = n,m,w) ,

Os
4(t) =

!

x,i

1√
2
ūs(x) Ai

1
2 [e

iPx −→
∇i −

←−
∇ ie

iPx]us(x) − {us ↔ ds} (s = n,m,w) ,

Os
5(t) =

!

x,i,j,k

1√
2
ϵijl ūs(x) Aiγjγ5 1

2 [e
iPx−→∇ l −

←−
∇ le

iPx]us(x)− {us ↔ ds} (s = n,m,w) ,

Os=n
6 (t) = 1√

2
[π+(p1)π

−(p2)− π−(p1)π
+(p2)] , π±(pi) =

!

x

q̄n(x)γ5τ
±eipixqn(x) . (21)

... include   ππ   operator

... and three quark widths (s, m, w)

Up to 18 ρ and ππ operators	

P=(000), (001), (011)
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ρ	  meson

25

CBL, Mohler, Prelovsek, Vidmar; 	

Phys. Rev. D 84, 054503 (2011)	

Erratum Phys. Rev. D 89 (2014) 059903(E)

p
s�(s) cot �(s) = m2

⇢ � s

gρππ ¼ 5.61ð12Þ; mρa ¼ 0.4846ð37Þ; mρ ¼ 772ð6Þð8Þ MeV: (1)

These results agree within error with the results based on the continuum dispersion relation that were presented in the
paragraph after Eq. (41).

0.1 0.15 0.2 0.25 0.3 0.35 0.4
s

-0.2

-0.1

0

0.1

0.2

(p
*3 /s

1/
2 ) c

ot
 δ

data with lattice d.r.
gρππ = 5.64(19); mρ = 0.5035(45)

data with continuum d.r.
gρππ = 5.61(12); mρ = 0.4846(37)

χ2
/d.o.f. = 7.42/3

χ2
/d.o.f. = 8.42/3

χ2
/d.o.f. = 12.91/3

χ2
/d.o.f. = 11.01/3

FIG. 2 (color online). Data for ððap$Þ3=
ffiffiffiffiffiffiffi
sa2

p
Þ cot δðsÞ as a function of sa2, fitted to straight line behavior. We also include data using

the lattice dispersion relation to allow for a comparison with the previously published results.

ERRATA PHYSICAL REVIEW D 89, 059903(E) (2014)

059903-2
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m
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CBL, Mohler, Prelovsek, Vidmar; 	

Phys. Rev. D 84, 054503 (2011)	

Erratum Phys. Rev. D 89 (2014) 059903(E)

Phase	  shiD:	  ρ	  meson

See also:	

Aoki et al. (PACS-CS), PoS LAT10(10)108	

Feng et al. (ETMC) PoS LAT10(10)104	

Frison et al. (BMW, PoS LAT10(10)139	

Dudek, Edwards, Thomas, Phys.Rev. D 87, 034505 (2013)	
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Future work to explore the hadron resonance spectrum will
need to consider inelastic scattering—we can reliably
extract the finite-volume spectrum above inelastic thresh-
olds by including the appropriate meson-meson-like op-
erators (e.g., K !K . . . ), following the general methodology
developed in Ref. [17].
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APPENDIX: FINITE-VOLUME PHASE-SHIFT
RELATIONS FOR !‘>1 ¼ 0

A general procedure for generating the little group irrep

matrix elements Mð ~P;";!Þ
‘n;‘0n0 , which are used to construct the

matrix U ~P;" in Eq. (7), is provided in Ref. [17], along with
the required subductions for all ‘ # 4. In the case of equal-
mass pseudoscalar-pseudoscalar scattering (as is relevant
in this "" case), and assuming #‘>1 ¼ 0, we can reduce
Eq. (7) to the following simple forms for various
~P ¼ ½nxnynz& and irreps:

½00n&A1: cot#1ðEcmÞ ¼
1

$"3=2q

!
Z½00n&
0;0 ðq2Þ þ 2ffiffiffi

5
p 1

q2
Z½00n&
2;0 ðq2Þ

#
;

½00n&E2: cot#1ðEcmÞ ¼
1

$"3=2q

!
Z½00n&
0;0 ðq2Þ ( 1ffiffiffi

5
p 1

q2
Z½00n&
2;0 ðq2Þ

#
;
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FIG. 12 (color online). Isospin-1, P-wave "" elastic scattering phase shift and Breit-Wigner parameterisation for
m" ¼ 391 MeV. Energy region plotted is from "" threshold to KK threshold.
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3

polating fields listed in Appendix A, having the form

Oq̄q
I=1/2 =

!

x

eiPxs̄(x)Γ̂u(x) , (1)

OKπ
I=1/2 =

!

j

fj [
"

1
3K

+(pKj)π
0(pπj) ,

+
"

2
3K

0(pKj)π
+(pπj)] ,

OKπ
I=3/2 =

!

j

fj K+(pKj)π
+(pπj), pKj + pπj = P .

They are constructed to transform according to irre-
ducible representations as explained below and detailed
in [3]. We employ five Oq̄q in each representation. In
OKπ the momenta are projected separately for K and
π. For each representation given below we use specific
linear combinations of momenta pK,π so that OπK trans-
forms according to this irrep: we use all possibilities with
pK ≤

√
32π

L and pπ ≤
√
32π

L according to [3].
In order to facilitate the K∗ → Kπ decay kinemat-

ically and to access further values of s = E2
n − P 2, we

implement interpolators (1) with non-zero total momenta
P (we considered also all permutations of P and all pos-
sible directions of polarizations at given P ):

P = 2π
L ez : C4v , irreps E(ex,y), E(ex±ey), l = 1, 2

P = 2π
L (ex+ey) : C2v , irreps B2, B3, l = 1, 2

P =0 : Oh , irrep T−
1 , l = 1 .

(2)

The zero-momentum case, studied in [4], is listed for com-
pleteness since we will combine all these results. The
analytic framework for p-wave scattering using the first
two momenta is described in detail in [3], together with
the symmetry considerations, appropriate interpolating
fields and extraction of the phase shifts, so we only briefly
review the main steps here.
The symmetry group of the mesh viewed from the

center-of-momentum (CMF) frame of the Kπ system is
C4v for P = 2π

L ez and C2v for P = 2π
L (ex + ey). These

groups do not contain the inversion as an element, which
in turn implies that even and odd partial waves can in
principle mix within the same irreducible representation.
For extraction of δl=1 a particularly disturbing mixing
is the one with δl=0, since δ0(s) is known to be non-
negligible in the whole energy region of interest. Fortu-
nately δ1 does not mix with δ0 in the irreducible repre-
sentations E, B2, B3 (see equation (2)), so we can use
these. In fact we employ two distinct representations of
the two-dimensional E: E(ex,y) with basis vectors along
axis (ex, ey) and E(ex ± ey) with basis vectors along the
diagonal (ex + ey, ex − ey).
Each of the five representations B2, B3, E(ex,y),

E(ex ± ey), and T−
1 will lead to energy levels En, val-

ues of s = E2
n − P 2 and scattering phases δ(s).

The quarks in (1) are smeared with Laplacian Heavi-

side smearing [37]

qs(n) ≡
Nv
!

k=1

v(k)(n)v(k)†(n′) q(n′) , (3)

where v(k) are the eigenvectors of the 3D lattice Laplacian

∇2 v(k) = λ(k)
∇2 v(k) and n and n′ are brief for the space

and color indices. We choose Nv = 96 for Oq̄q and Nv =
64 for the more costlyOKπ . This allows the calculation of
all contractions in Fig. 1 according to the full distillation
method [37].

IV. ENERGY LEVELS FOR I = 1/2, 3/2

The energy spectrum En is extracted from the corre-
lation matrix

Cij(t) = 1
NT

!

tn

⟨O†
i (tn + t)|Oj(tn)⟩ , (4)

averaged over all initial times tn. All needed Wick
contractions, shown in Fig. 1, are evaluated. We
apply the generalized eigenvalue problem C(t)un(t) =
λn(t)C(t0)un(t) [38–41]. The resulting eigenvalues
λn(t) → e−En(t−t0) give the effective energies Eeff

n (t) ≡
log[λn(t)/λn(t + 1)] → En and the eigenvectors are the
fingerprints of the energy-eigenstates.
A few lowest effective energies Eeff

n (t) for the I =
1/2, 3/2 states are shown in Fig. 2. The energies for
the levels with reliable plateaus (marked by horizontal
fits) are provided in Tables III and IV. All error bars are
determined by single elimination jackknife.
The energy spectrum of Kπ scattering is discrete on

a finite lattice. In absence of interaction, the scatter-
ing levels K(nK)π(nπ) are just sums of energies of the
individual particles with

En.i.(K(nK)π(nπ)) =
"

m2
K + p2K +

#

m2
π + p2π ,

pπ = 2π
L |nπ| , pK = 2π

L |nK| , nπ,K ∈ N3 , (5)

which are given by the dashed lines in Fig. 2. In Fig. 3
we show the corresponding values of

√
s =

#

E2
n.i. − P 2.

This plot demonstrates the difficulty to achieve energy
values for a scattering level in the region of the K∗(892)
resonance for a typical lattice size. Note that the lowest√
s is reached for K(ex)π(ey) which appears in the B2

representation.
In the interacting case the lattice energies En get

shifted with respect to En.i.. A small shift ∆E =
En − En.i. corresponds to a small phase shift δ(s) at
s = E2

n − P 2 (modulo multiples of π). The I = 3/2
scattering in Fig. 2 is a typical example: all levels are
near En.i. and a small positive ∆E is related to a small
and negative δ1 in this repulsive channel. The scatter-
ing levels K(ex)π(ey) in B2 and K(ez)π(−ez) in T−

1 are
also clearly visible in the I = 1/2 channel; we also ob-
serve higher I = 1/2 scattering levels but some are not

5	  Operators	  
(nv=96)

3	  Operators,	  	  
various	  momenta	  

(units	  2π/L),	  (nv=64)

3	  Operators,	  	  
various	  momenta	  

(units	  2π/L),	  (nv=64)

s-‐wave	  and	  p-‐wave	  
total	  momentum	  P=(000),	  (001),	  (011)	  
(mπ=266	  MeV,	  mK=552	  MeV)	  

Coupled	  system	  of	  5	  qq	  and	  3	  Kπ	  operators:
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3

polating fields listed in Appendix A, having the form

Oq̄q
I=1/2 =

!

x

eiPxs̄(x)Γ̂u(x) , (1)

OKπ
I=1/2 =

!

j

fj [
"

1
3K

+(pKj)π
0(pπj) ,

+
"

2
3K

0(pKj)π
+(pπj)] ,

OKπ
I=3/2 =

!

j

fj K+(pKj)π
+(pπj), pKj + pπj = P .

They are constructed to transform according to irre-
ducible representations as explained below and detailed
in [3]. We employ five Oq̄q in each representation. In
OKπ the momenta are projected separately for K and
π. For each representation given below we use specific
linear combinations of momenta pK,π so that OπK trans-
forms according to this irrep: we use all possibilities with
pK ≤

√
32π

L and pπ ≤
√
32π

L according to [3].
In order to facilitate the K∗ → Kπ decay kinemat-

ically and to access further values of s = E2
n − P 2, we

implement interpolators (1) with non-zero total momenta
P (we considered also all permutations of P and all pos-
sible directions of polarizations at given P ):

P = 2π
L ez : C4v , irreps E(ex,y), E(ex±ey), l = 1, 2

P = 2π
L (ex+ey) : C2v , irreps B2, B3, l = 1, 2

P =0 : Oh , irrep T−
1 , l = 1 .

(2)

The zero-momentum case, studied in [4], is listed for com-
pleteness since we will combine all these results. The
analytic framework for p-wave scattering using the first
two momenta is described in detail in [3], together with
the symmetry considerations, appropriate interpolating
fields and extraction of the phase shifts, so we only briefly
review the main steps here.
The symmetry group of the mesh viewed from the

center-of-momentum (CMF) frame of the Kπ system is
C4v for P = 2π

L ez and C2v for P = 2π
L (ex + ey). These

groups do not contain the inversion as an element, which
in turn implies that even and odd partial waves can in
principle mix within the same irreducible representation.
For extraction of δl=1 a particularly disturbing mixing
is the one with δl=0, since δ0(s) is known to be non-
negligible in the whole energy region of interest. Fortu-
nately δ1 does not mix with δ0 in the irreducible repre-
sentations E, B2, B3 (see equation (2)), so we can use
these. In fact we employ two distinct representations of
the two-dimensional E: E(ex,y) with basis vectors along
axis (ex, ey) and E(ex ± ey) with basis vectors along the
diagonal (ex + ey, ex − ey).
Each of the five representations B2, B3, E(ex,y),

E(ex ± ey), and T−
1 will lead to energy levels En, val-

ues of s = E2
n − P 2 and scattering phases δ(s).

The quarks in (1) are smeared with Laplacian Heavi-

side smearing [37]

qs(n) ≡
Nv
!

k=1

v(k)(n)v(k)†(n′) q(n′) , (3)

where v(k) are the eigenvectors of the 3D lattice Laplacian

∇2 v(k) = λ(k)
∇2 v(k) and n and n′ are brief for the space

and color indices. We choose Nv = 96 for Oq̄q and Nv =
64 for the more costlyOKπ . This allows the calculation of
all contractions in Fig. 1 according to the full distillation
method [37].

IV. ENERGY LEVELS FOR I = 1/2, 3/2

The energy spectrum En is extracted from the corre-
lation matrix

Cij(t) = 1
NT

!

tn

⟨O†
i (tn + t)|Oj(tn)⟩ , (4)

averaged over all initial times tn. All needed Wick
contractions, shown in Fig. 1, are evaluated. We
apply the generalized eigenvalue problem C(t)un(t) =
λn(t)C(t0)un(t) [38–41]. The resulting eigenvalues
λn(t) → e−En(t−t0) give the effective energies Eeff

n (t) ≡
log[λn(t)/λn(t + 1)] → En and the eigenvectors are the
fingerprints of the energy-eigenstates.
A few lowest effective energies Eeff

n (t) for the I =
1/2, 3/2 states are shown in Fig. 2. The energies for
the levels with reliable plateaus (marked by horizontal
fits) are provided in Tables III and IV. All error bars are
determined by single elimination jackknife.
The energy spectrum of Kπ scattering is discrete on

a finite lattice. In absence of interaction, the scatter-
ing levels K(nK)π(nπ) are just sums of energies of the
individual particles with

En.i.(K(nK)π(nπ)) =
"

m2
K + p2K +

#

m2
π + p2π ,

pπ = 2π
L |nπ| , pK = 2π

L |nK| , nπ,K ∈ N3 , (5)

which are given by the dashed lines in Fig. 2. In Fig. 3
we show the corresponding values of

√
s =

#

E2
n.i. − P 2.

This plot demonstrates the difficulty to achieve energy
values for a scattering level in the region of the K∗(892)
resonance for a typical lattice size. Note that the lowest√
s is reached for K(ex)π(ey) which appears in the B2

representation.
In the interacting case the lattice energies En get

shifted with respect to En.i.. A small shift ∆E =
En − En.i. corresponds to a small phase shift δ(s) at
s = E2

n − P 2 (modulo multiples of π). The I = 3/2
scattering in Fig. 2 is a typical example: all levels are
near En.i. and a small positive ∆E is related to a small
and negative δ1 in this repulsive channel. The scatter-
ing levels K(ex)π(ey) in B2 and K(ez)π(−ez) in T−

1 are
also clearly visible in the I = 1/2 channel; we also ob-
serve higher I = 1/2 scattering levels but some are not
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channel at some Euclidean time distance. For finite vol-
umes the spectral function is no longer continuous and
thus all information has to be derived from the discrete
energy levels. These are hidden in the spectral represen-
tation of the correlation function for a set of interpolators
O(t) with the same quantum numbers

Cjk(t) = ⟨Oj(t)Ok(0)
†⟩ =

!

n

⟨Oj(0)|n⟩e−Ent⟨n|Ok(0)
†⟩ .

(2)
The state of art method to recover the low lying energy
levels En is the variational method [64–67]. The gener-
alized eigenvalue problem C(t)u⃗n(t) = λn(t)C(t0)u⃗n(t)
then disentangles the eigenstates n and allows to obtain
energy levels from the exponential decay of the eigenval-
ues

λn(t)→ e−En(t−t0) , (3)

while the effective energies

En(t) = log
λn(t)

λn(t+ 1)
(4)

render En(t) ≃ En at large t. In actual calculations it is
not possible to have a complete set of interpolators allow-
ing to represent the physical eigenstates. One is limited
to a reasonable subset. Also, the statistical quality of
Cjk(t) is an issue. The reliability of the obtained energy
levels decreases for higher |n⟩, the ground state being the
most reliable one.
Effective mass plots En(t) (see Eq. (4)) are used only

to estimate the fit range for the exponential fits to the
eigenvalues. The energy values are extracted using cor-
related fits of λn(t) to one or two exponentials. When
using two exponential fits starting at small t, we verify
that the extracted levels agree with results obtained from
one-exponential fits starting at larger t.
The information on the Kπ scattering is contained in

the scattering amplitudes T I
ℓ (s) in Eq. (1). Here we con-

centrate on projections to isospin I = 1/2, 3/2 and partial
waves l = 0, 1. We choose the total three-momentum P
of the Kπ system to be zero, so the lattice frame repre-
sents also the center-of momentum frame in our current
simulation:

P = pπ+pK = 0 , pπ = −pK = p∗ , s = E2−P2 = E2 .
(5)

We measure the energy E of the interacting Kπ system
in finite volume

E =
√
s =

"

(pK + pπ)2 =
#

p∗2 +m2
π +

"

p∗2 +m2
K ,

(6)
(here pK and pπ denote 4-momenta) which allows us to
extract the momentum p∗ = |p∗| and the dimensionless
q via

p∗2 =
[s− (mK +mπ)2][s− (mK −mπ)2]

4s
, q ≡ p∗

L

2π
.

(7)

Assuming that the strong interaction of Kπ is localized
to r < R, the extracted p∗ represents the momenta of π
and K in the outer region r > R. The resulting momenta
p∗ or q can be related to the scattering phase shift in the
elastic region [48, 65, 68, 69]

tan δ(q) =
π3/2q

Z00(1; q2)
for P = 0 . (8)

This is Lüscher’s relation [68] between the energy levels in
finite volume (which enter via (7)) and the phase shifts.
The generalized zeta function Zlm is given in [68].
In the discussion of our results we also apply the com-

bination

ρIℓ (s) ≡
(p∗)2ℓ+1

√
s

cot δIℓ (p
∗) , (9)

which vanishes at the position of the resonance δ(sR) =
π
2 . The variable ρ

I
ℓ (s) provides a convenient parametriza-

tion of the elastic partial wave near threshold,

√
s ρIℓ (s) =

1

aIℓ
+ 1

2
rIℓ p

∗2 +O(p∗4) , (10)

where a is the scattering length and r the effective range.
Near a relativistic Breit-Wigner resonance in the elastic
region we may write the partial wave amplitude [70]

T I
ℓ =

−
√
sΓ(s)

s− sR + i
√
sΓ(s)

= eiδ
I

ℓ (s) sin δIℓ (s) . (11)

where sR = m2
R denotes the resonance position and Γ is

the decay width. Considering the threshold behavior we
can define

Γ(s) =
(p∗)2ℓ+1

s
γ , (12)

and get

√
sΓ(s) cot δ(q) = ρℓ(s) γ = sR − s ,

ρℓ(s) =
1

γ
(sR − s) . (13)

For a resonance in the l = 1 channel one has γ = g2/(6π),
defining the coupling constant g (e.g., gK∗Kπ).
Naively one would expect that in simulations with dy-

namical quarks all possible intermediate states should
contribute. In the correlation function of a ρ-meson with
a quark-antiquark interpolator one thus would expect to
find signals of the ππ intermediate state (in p-wave). It
turned out, that this appears not to be the case, most
likely due to weak coupling of the corresponding lattice
interpolators. One had to include ππ-interpolators ex-
plicitly in order to obtain energy levels representing scat-
tering [1–6]. This motivates us to include Kπ and some
other meson-meson interpolators in the present study.
In the study of the ππ scattering [1] we also used in-

terpolators with total momentum P ̸= 0, which allowed
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FIG. 2. Effective energies Eeff
n (t)a of the Kπ system with I = 1/2, 3/2 at total momentum P ̸= 0 and P = 0 (in lattice

units a−1 ≃ 1.59 GeV). The dashed lines indicate energiy vales En.i. for the non-interacting scattering levels in the notation
K(n2

K)π(n2
π) (see equation (5)).
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FIG. 2: The extracted K π scattering phase shifts δIℓ in all four channels l = 0, 1 and I = 1/2, 3/2. The phase shifts are
shown as a function of the Kπ invariant mass

√
s = MKπ =

!

(pπ + pK)2. Our results (red circles) apply for mπ ≃ 266 MeV
and mK ≃ 552 MeV in our lattice simulation. In addition to the phases provided in four plots, we also extract the values of
δ1/2, 3/2
0

near threshold
√
s = mπ+mK , but these are provided in the form of the scattering length in the main text (as they are

particularly sensitive to mπ,K). Our lattice results are compared to the experimental elastic phase shifts from Estabrooks (black
pluses) [11] and Aston (blue stars) [12]. Dark green crosses represent measured phase shifts by Aston [12] which correspond
to an almost elastic amplitude T I

ℓ , i.e., 0.85 < |2T I
ℓ − i| < 1.15 (see Section IA). Lattice phase shifts are determined up to

multiples of 180◦ from Eq. (8).

7c. We omitted8 the backtracking box contraction 7c in
[85, 86] and the simulation rendered an additional state
near K(0)π(0) which was attributed to κ with a sizable
tetraquark Fock component in [85, 86]. The effect of
box contraction 7c in our present simulation is shown
in Fig. 6, where the spectrum is calculated using only
(q̄q)(q̄q) interpolators O5,7,8 (see (A6)); these are simi-
lar to O1,2,3 used in [85, 86]. There is only one energy

8 First reason for this omission was the numerical cost. The sec-
ond reason had physical motivation of artificially prohibiting the
mixing q̄qq̄q → q̄q → q̄qq̄q, so that a q̄qq̄q Fock component could
be attributed to the resulting state.

state below E = 1 GeV when all necessary contractions
(7a and 7c) are incorporated, which agrees with the re-
sult in Fig. 1 and with our conclusions above. However,
if the backtracking box contraction 7c is neglected, an
additional energy level near K(0)π(0) appears. A proper
quantum field theory treatment requires incorporation of
all Wick contractions, so the additional level seems to be
an artifact of the approximation used in [85, 86]. This
interesting observation may be fruitful in trying to un-
derstanding the physics of light scalar mesons in future
explorations.
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and the values of the left-hand side are provided in
Fig. 6 and Table III. The linear fit in s over the four
phase shift points leads to g and mK∗ in Table II and
these agree well with mK∗ and g derived from the ex-
periment. Our results apply for mπ,K on our lattice,
but mπ dependence of g was shown to be very mild
g(mπ = 266 MeV)/g(mphy

π ) ≃ 1.03 within unitarized
ChPT, while its mK dependence is completely negligi-
ble [32].
This result can also be compared to g =

√
6π ḡ =√

6π 1.44 = 6.25 as obtained in the simulation [14] using
the amplitude method and assuming that the K∗ and
Kπ lattice energies are equal.

mK∗(892) gK∗(892) mK∗(1410) gK∗(1410)

[MeV] [no unit] [GeV] [no unit]

lat 891± 14 5.7± 1.6 1.33 ± 0.02 input

exp 891.66 ± 0.26 5.72± 0.06 1.414 ± 0.0015 1.59± 0.03

TABLE II. The resulting resonance masses and K∗
i → Kπ

couplings g, which parametrize the width Γ[K∗
i → Kπ] =

(g2i p
∗3)/(6πs). The lattice results apply for our mπ ≃

266 MeV and mK ≃ 552 MeV, while the experimental
couplings are derived from the observed Γ[K∗

i → Kπ] =
Br[K∗

i → Kπ]ΓK∗

i
and the values of p∗ and s in experiment.
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s

-0.015

-0.012

-0.009
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-0.003

0

p*3
co

t δ
1/
√s

FIG. 6. The combination (p∗a)3√
sa2

cot δ1(s) as a function of

sa2 in the vicinity of a narrow K∗(892) resonance. The de-
pendence is expected to be linear (8) for a Breit-Wigner res-
onance and the linear fit leads to mK∗ and the coupling g or
Γ[K∗ → Kπ] (7).

2. The phase shift δ1 for 1.3 <
√
s < 1.6 GeV and

K∗(1410), K∗
2 (1430)

Unlike in the region
√
s < 1.3 GeV, our exploratory

extraction of the physics information from the energy
levels in the region

√
s > 1.3 GeV will inevitably be less

reliable and based on certain approximations.

First of all, we will assume that the Kπ scatter-
ing in our simulation is elastic (|1 + 2iTl| = 1) up to√
s < 1.6 GeV, which is a strong approximation but in-

dispensable for using Lüscher’s relations to extract the
phase shift at present. In reality the Kπ channel is cou-
pled in this region to K∗π and Kρ channels, and ex-
perimentally Br[K∗(1410) → Kπ] = 6.6 ± 1.3% while
Br[K∗(1680) → Kπ] = 38.7 ± 2.5%. The treatment
of such an inelastic problem is unfortunately beyond the
ability of current lattice simulations, although some prac-
tically very challenging approaches have been proposed
analytically [34, 44–47]. In fact, we expect that the in-
fluence of K∗π and Kρ channels in our simulation is not
significant, since we did not explicitly incorporate K∗π
and Kρ interpolators4.
The second complication stems from the fact that d-

wave phase shift δ2 cannot be neglected around
√
s ≃

mK∗

2
(1430) in Lüscher’s relations. Therefore we derived

the Lüscher relations that contain δ1 as well as δ2 for ir-
reps considered here: they are obtained from the so-called
determinant condition5 Eq. (28) in [3] by keeping non-
zero δ2. For each irrep B3, B2, E we get one (lengthy)
phase shift equation (analog to Eqs. (41), (42), (56) in
[3]), which depends on q (see 6), δ1(s) and δ2(s).
For a given level En in a given irrep, we know q (6)

and s = E2
n−P 2, but one phase shift equation alone can-

not provide the values for two unknowns δ1(s) and δ2(s).
Another level in another irrep unfortunately leads to two
different unknowns δ1(s̃) and δ2(s̃), since this level in gen-
eral corresponds to a different s̃ (see discussion in Section
3.1.3 of [3]). We overcome this serious difficulty by not-
ing that the four levels with ”ID” K∗(1410) all come in
a very narrow range of

√
s = 1.34± 0.01 GeV (see Table

III). By making a reasonable approximation that s is the
same for all four levels, we extract the unknown δ1 and
δ2 by solving simultaneously two phase shift equations,
namely for6

level 3 in irrep B2 & level 2 in irrep E :
√
s = 1.34± 0.01 GeV→

δ1 = 329.9◦ ± 4.4◦ δ2 = 89.6◦ ± 7.1◦ . (9)

Then we extract δ1,2 from another pair of phase shift
equations, corresponding to

level 3 in irrep B2 & level 2 in irrep B3 :
√
s = 1.34± 0.01 GeV→

δ1 = 329.8◦ ± 4.9◦ δ2 = 91.4◦ ± 6.2◦ (10)

4 Similarly, most of previous simulations of meson resonances with
q̄q interpolators assume that the scattering levels are not seen
when they are not explicitly incorporated.

5 For the original derivation of determinant condition see [42, 48,
49].

6 The levels n = 3 in irreps E(ex,y) and E(ex ± ey) occur at very
similar

√
s, so they both lead to consistent δ1,2 via the same

Lüscher relation (56) in [3]. The errors on the resulting δ1,2 in
(9,10) are determined from the minimal and maximal values of√
s in the range

√
s = 1.34± 0.01 GeV.

p	  wave,	  I=1/2

p	  wave,	  I=3/2

see	  also	  the	  recent	  coupled	  πK,	  ηK	  study:	  
Dudek	  et	  al.,	  arXiv	  1406.5148	  
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FIG. 7: Terms B1 −B4 contributing to N → Nπ.

B1 = 3 τ (t, t, b, e,β, ϵ) τ (t, t′, a, c′,α, γ′)

τ (t, t′, g, a′, δ,α′) τ (t, t′, c, b′, γ,β′)

B2 = −3 τ (t, t′, b, b′,β,β′) τ (t, t′, c, c′, γ, γ′)

τ (t, t, a, e,α, ϵ) τ (t, t′, g, a′, δ,α′)

B3 = −3 τ (t, t, c, e, γ, ϵ) τ (t, t′, b, a′,β,α′)

τ (t, t′, a, c′,α, γ′) τ (t, t′, g, b′, δ,β′)

B4 = 3 τ (t, t′, c, c′, γ, γ′) τ (t, t, a, e,α, ϵ)

τ (t, t′, b, a′,β,α′) τ (t, t′, g, b′, δ,β′) (A6)

3. Nπ → N

This matrix element has 4 terms contributing:

1√
2
ΓA†
α′µP

±
µνΓ

A
ναΓ

B
βγΓ

B†
γ′β′Γ

π†
ϵ′δ′

!φsnk
N (a, b, c)!φsrc

N (a′, b′, c′)!φsrc
π (g′, e′)

4"

i=1

Ci , (A7)

where summation over index pairs is implied.
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FIG. 8: Terms C1 − C4 contributing to Nπ → N .

C1 = 3 τ (t, t′, b, b′,β,β′) τ (t, t′, c, c′, γ, γ′)

τ (t′, t′, e′, a′, ϵ′,α′) τ (t, t′, a, g′,α, δ′)

C2 = −3 τ (t, t′, c, c′, γ, γ′) τ (t, t′, a, b′,α,β′)

τ (t′, t′, e′, a′, ϵ′,α′) τ (t, t′, b, g′,β, δ′)

C3 = −3 τ (t, t′, c, a′, γ,α′) τ (t, t′, a, g′,α, δ′)

τ (t, t′, b, c′,β, γ′) τ (t′, t′, e′, b′, ϵ′,β′)

C4 = 3 τ (t, t′, a, b′,α,β′) τ (t, t′, c, a′, γ,α′)

τ (t, t′, b, g′,β, δ′) τ (t′, t′, e′, c′, ϵ′, γ′) (A8)

4. Nπ → Nπ

Here 19 terms contribute:

1

2
ΓA†
α′µP

±
µνΓ

A
ναΓ

B
βγΓ

B†
γ′β′Γπ

δϵΓ
π†
ϵ′δ′

!φsnk
N (a, b, c)!φsnk

π (e, g)!φsrc
N (a′, b′, c′)!φsrc

π (g′, e′)
19"

i=1

Di ,

(A9)

where summation over index pairs is implied.
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FIG. 9: Terms D1 −D5 contributing to Nπ → Nπ.

D1 = 3 τ (t, t′, b, b′,β,β′) τ (t, t′, c, c′, γ, γ′)

τ (t′, t, e′, e, ϵ′, ϵ) τ (t, t′, a, g′,α, δ′)
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D2 = −3 τ (t′, t, e′, e, ϵ′, ϵ) τ (t, t′, a, b′,α,β′)

τ (t, t′, g, a′, δ,α′) τ (t, t′, b, c′,β, γ′)

τ (t, t′, c, g′, γ, δ′)

D3 = −3 τ (t′, t, e′, e, ϵ′, ϵ) τ (t, t′, c, a′, γ,α′)

τ (t, t′, a, g′,α, δ′) τ (t, t′, b, c′,β, γ′)
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FIG. 10: Terms D6 −D10 contributing to Nπ → Nπ
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VI. SUMMARY

We have derived results for the low lying energy levels
in all baryon channels (spin 1=2 and 3=2, both parities) for
baryons with light and strange valence quark content.
The light quarks were included as dynamical quarks in
the generation of gauge configurations by the Hybrid
Monte Carlo method. The quarks were implemented as
chirally improved quarks; the pion masses range from
255 to 596 MeV.

Figure 26 shows our results for the extrapolation (lead-
ing order chiral perturbation theory linear in m2

!) of the
finite volume energy levels to physical pion mass. We find
good agreement of the ground state energy levels with the
experimental values, where available. In some cases (e.g.,
in the ! and the " sectors) our results suggest the exis-
tence of yet unobserved resonance states. We use three-
quark interpolators for the baryons throughout and find no
signal for a coupling to dynamically generated meson-
baryon states in p and d wave channels. This is not so
clear for the s wave channels. These show several energy
levels close to ground states in the 1

2

!
channels. In these

cases there could be mixing with the swave meson-baryon
sectors.

We want to mention that for all our ensembles (i.e., over
the whole pion mass range) the Gell-Mann-Okubo formula
[60,61] is fulfilled with high precision. The values of the
combination of the spin 1=2 positive parity octet ground
state masses obey

!!!!!!!!
2MN þ 2M" !M# ! 3M$

2MN þ 2M" þM# þ 3M$

!!!!!!!!<0:03 (4)

for all pion masses studies here.
We analyze the flavor symmetry content by identifying

the singlet/octet/decuplet contributions. For the ground
states agreement with the expectations from the quark
model is found. In the 1

2

þ
nucleon channel the first excitation

is considerably higher than the Roper resonance and one
possible interpretation is that the physical state couples very
weakly to our interpolators. This may also be the case in the

$ 1
2

þ
channel, where the first excitation is dominated by

singlet interpolators matching$ð1810Þ (singlet in the quark
model) and the Roper-like $ð1600Þ (octet in the quark
model) seems to be missing.
We study the systematic errors due to the final choice of

interpolator sets and fit ranges and we also perform infinite
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FIG. 26. Energy levels for positive parity (top) and negative
parity baryons (bottom). All values are obtained by chiral
extrapolation linear in the pion mass squared. Horizontal lines
or boxes represent experimentally known states; dashed lines
indicate poor evidence, according to Ref. [48]. The statistical
uncertainty of our results is indicated by bands of 1", that of the
experimental values by boxes of 1". The strange quarks are
implemented in valence approximation. Grey symbols denote a
poor #2=d:o:f: of the chiral fits (see Tables V and VI).
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3. Results

We use 280 configurations generated for two flavors of mass-degenerate
light quarks and a tree level improved Wilson-Clover action. mπ = 266
MeV, a = 0.12 fm, V = 163 × 32 [23].

3.1. One particle sector

Using a set of 3-quark interpolators we reproduce the usual observed
spectrum [15]. In the positive sector we observe the nucleon ground state
at mN = 1068(6) MeV and another state that lies far above the physical
Roper. In the negative sector we observe two nearby levels, the lowest lying
below N∗(1535) (Fig. 1, lhs).
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Fig. 1. Effective mass values for N
−
. Left: Results for 3 quark interpolators. The

blue line denotes the non-interacting Nπ state. Right: Results for the N
−

and
N+π coupled system.

3.2. Coupled N and Nπ system

First we compute the energy level for the two particles propagating
independently (i.e., the threshold) and we find that it is overlapping with
the first of the two levels measured in the single-particle approach (Fig. 1,
lhs). When ONπ is included a new energy level appears and the effective
energy levels of the Nπ system show less fluctuations compared to the 3-
quark case. The lowest level now lies slightly below the Nπ threshold,
a feature typical for attractive s-wave and a finite volume artifact. The
next-higher two levels now lie approximately 130 MeV above the physical
resonance positions of N∗(1535) and N∗(1650), similar to the shift of the
nucleon ground state for this value of mπ.
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Nucleon excited states Results Summary

Phase shift analysis
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La0ce	  QCD:	  	  
Single	  hadron	  (cs)	  studies	  give	  
too	  high	  values
large	  pion	  mass:	  D⇤

s0 below	  threshold	  

	  small	  pion	  mass:	  D⇤
s0 above	  threshold	  
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Quark	  model:	  
D⇤

s0(2317) and are	  above	  
D⇤KDK and	  thresholds	  

Ds1(2460)

van	  Beveren/Rupp	  PRL	  91(2003)	  012003
But:	  threshold	  effects	  may	  be	  
important	  

Include meson meson interpolators!
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2	  Configura*on	  ensembles

39

Ensemble	  1:	  	  

Hasenfratz	  et	  al.,	  PRD	  78,	  
014515	  &	  054511	  (2008)	  

nf=2	  Wilson	  improved,	  	  	  
4	  nHYP	  

163x32,	  Lx=2	  fm,	  	  	  	  	  	  	  	  	  	  
279	  configs.	  

mπ=266	  MeV,	  	  	  	  	  	  	  
mK=552	  MeV	  

Ensemble	  2:	  	  

PACS-‐CS,	  Aoki	  et	  al,	  PRD	  
79,	  034503	  (2009)	  

nf=2+1	  Wilson	  improved,	  
3D	  HYP	  

323x64,	  Lx=2.9	  fm,	  	  	  	  	  	  	  
196	  configs.	  

mπ=156	  MeV,	  	  	  	  	  	  	  	  
mK=504	  MeV

cbl et al., PRD 90(2014) 034510!
arXiv:1403.8103
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!

Propagators

Dis*lla*on	  

HSC,	  Peardon	  et	  al.,	  PRD80,	  
054506	  (2009)	  

nv=96	  

perambulators

Stochas*c	  Dis*lla*on	  	  

Morningstar	  et	  al.,	  PRD	  83,	  
114505	  (2011)	  

nv=192,	  nb=12,n*=8	  

stochas*c	  sources	  

!

(half)	  stochas*c	  perambulators

⌧↵�ij (t0, t) = v⇤i (t
0)G↵�(t0; t) vj(t)

S

↵[r]
b (~x, c; t) =

X

i

vi(~x, c; t) ⌘
↵[r]
ib

T [r]
ib (t, t0) = v⇤i (t)G(t; t0)S[r]

b (t0)
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Quark	  mass	  parameters	  and	  dispersion	  rela*on
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d mπ=266(6)MeV

valence par*ally	  quenched

c

s

u	  	   mπ=156(7)

mΦ=1016(12)	  MeV	  
mK=552(7)	  MeV

mΦ=1018(14)	  MeV	  
mK=504(7)	  MeV	  
mηs=693(10)MeV

mηs=688(2)	  MeV	  from	  	  
Dowdall	  et	  al.,	  PRD	  88,	  	  
074504(2013)

valencevalence

m̄ = 1
4 (mDs + 3mD⇤

s
)

Heavy	  quark	  dispersion	  rela*on:	  Fermilab	  method

m� m̄
Tune	  spin-‐average	  mass	  	  	  	  	  	  	  (M2	  in	  the	  d.r.)	  for	  D,	  Ds	  and	  charmonium,	  	  
	  respec*vely	  and	  determine	  

m̄

E(p) = M1 +
p2

2M2
� (p2)2

8M3
4

D.rel.: E.g.

El	  Khadra	  et	  al.,	  PRD	  55,	  3933	  (1997),…,	  
C.	  Bernard	  et	  al.,	  PRD	  83,	  034503	  (2011)	  
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Composi*on	  of	  eigenstates	  (ensemble	  2:	  PACS-‐CS)

42

1 2 3 4

0.8

0.9

1

1.1

a
 E

A1+

D(1)K(-‐1)	  	  
D(0)K(0)	  	  
cs

D(1)K(-‐1)	  

D(0)K(0)	  

1 2 3 4 5 6 7 8

0.8

0.9

1

1.1

1.2

a
 E

T1+

D*(1)K(-‐1)	  	  
D*(0)K(0)	  	  
cs

D*(1)K(-‐1)	  

D*(0)K(0)	  

0 5 10

0

0.2

0.4

0.6

0.8

1

Z
n

i
/max

m
(Z

m

i
)

0 5 10 0 5 10 0 5 10

n = 1 n = 2 n = 3 n = 4
Zn
i = hOi|ni

Overlap	  factor



C.B. Lang (2014)

Results	  summary
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“Exo*c”	  Channels,	  e.g.	  JPC=1+-‐

Z+
cCharged	  charmonium	  	  	   (3900,	  4020,..?)

4.14	  GeV

3.36	  GeV
La_

J/ (11)⇡(�11)

 3(0)⇡(0)

D(1)D⇤(�1)

⌘c(1)⇢(�1)

 3700(0)⇡(0)

D⇤(0)D⇤(0)

 2S(0)⇡(0)

D(0)D⇤(0)

J/ (1)⇡(�1)

⌘c(0)⇢(0)

J/ (0)⇡(0)

18	  interpolators	  of	  meson-‐meson	  type	  	  
covering	  all	  imaginable	  states	  up	  to	  4.1	  GeV	  
(small	  volume	  bonus)

6

SUPPLEMENTAL MATERIAL TO “EVIDENCE
FOR A CHARGED CHARMONIUM-LIKE STATE

Z+
c FROM QCD”

Details of the simulation

The simulation is based on one ensemble of gauge con-
figurations with Clover-Wilson dynamical quarks, and
the same type of valence u, d quarks. Their masses sat-
isfy mu = md, mval = mdyn and correspond to mπ =
266(4) MeV. The lattice spacing is a = 0.1239(13) fm,
the volume is V =163 × 32 and the spatial size L≃2 fm.
A rather small L may lead to sizable finite volume cor-
rections, but it makes the Z+

c search tractable since it
reduces the number of J/ψ(k)π(−k) and D(k)D̄∗(−k)
states in the considered energy range.

Interpolating fields

We implement altogether 18 interpolators with IG =
1+, JPC = 1+− and total momentum zero (using the
irreducible representation T+−

1 of the lattice symmetry
group Oh). The first fourteen interpolators OM1M2 are
expected to couple well with the two-meson states (2),
while the last four are the diquark-antidiquark interpo-
lators O4q with structure [c̄d̄]3c [cu]3̄c

O1 = Oψ(0)π(0)
1 = c̄γic(0) d̄γ5u(0) , (7)

O2 = Oψ(0)π(0)
2 = c̄γiγtc(0) d̄γ5u(0) ,

O3 = Oψ(0)π(0)
3 = c̄

←−
∇jγi

−→
∇jc(0) d̄γ5u(0) ,

O4 = Oψ(0)π(0)
4 = c̄

←−
∇jγiγt

−→
∇jc(0) d̄γ5u(0) ,

O5 = Oψ(0)π(0)
5 = |ϵijk||ϵklm| c̄γj

←−
∇ l
−→
∇mc(0) d̄γ5u(0) ,

O6 = Oψ(0)π(0)
6 = |ϵijk||ϵklm| c̄γtγj

←−
∇ l
−→
∇mc(0) d̄γ5u(0) ,

O7 = Oψ(0)π(0)
7 = RijkQklm c̄γj

←−
∇j
−→
∇kc d̄γ5u(0) ,

O8 = Oψ(0)π(0)
8 = RijkQklm c̄γtγj

←−
∇j
−→
∇kc d̄γ5u(0) .

O9 = Oψ(1)π(−1) =
!

ek=±ex,y,z

c̄γic(ek) d̄γ5u(−ek) ,

O10 = Oηc(0)ρ(0) = c̄γ5c(0) d̄γiu(0) ,

O11 = OD(0)D∗(0)
1 = c̄γ5u(0) d̄γic(0) + {γ5 ↔ γi} ,

O12 = OD(0)D∗(0)
2 = c̄γ5γtu(0) d̄γiγtc(0) + {γ5 ↔ γi} ,

O13 = OD(1)D∗(−1)=
!

ek=±ex,y,z

c̄γ5u(ek) d̄γic(−ek) + {γ5 ↔ γi} ,

O14 = OD∗(0)D∗(0) = ϵijk c̄γju(0) d̄γkc(0) ,

O15 = O4q
1 = N3

L ϵabcϵab′c′(c̄bCγ5d̄c cb′γiCuc′

− c̄bCγid̄c cb′γ5Cuc′) ,

O16 = O4q
2 = N3

L ϵabcϵab′c′(c̄bCd̄c cb′γiγ5Cuc′

− c̄bCγiγ5d̄c cb′Cuc′) ,

O17 = O4q
3 = O4q

1 (Nv=32) ,

O18 = O4q
4 = O4q

2 (Nv=32) .

Here i denotes the polarisation and the correlation matrix
is averaged over i = x, y, z. The Qilm are taken from [16]
and Rilm from [34].

The momenta are projected separately for each meson
M1(k)M2(−k) in OM1M2

M(k) : q̄1Γq2(k) ≡
!

x

ei2πkx/Lq1(x, t)Γq2(x, t) k ∈ N
3

(8)
The momentum in O4q is projected to zero

O4q = N3
L

!

x

c̄b(x, t)Γ1d̄c(x, t) cb′(x, t)Γ2uc′(x, t) (9)

and a factor N3
L is included to achieve similar normaliza-

tion as for OM1M2 . The O4q are implemented as

Õ4q = N3
L

!

x1

c̄b(x1, t)Γ1d̄c(x1, t)
!

x2

cb′(x2, t)Γ2uc′(x2, t)

(10)
which reduces to O4q after the average over gauge config-
urations, where the gauge is not fixed. We verified that
⟨Õ4q|Õ4q†⟩ ≃ ⟨O4q |O4q†⟩.

All quark fields in (7) are smeared q ≡
"Nv

k=1 v
(k)v(k)†qpoint according to the distillation

method [16, 26]. We employ Nv=64 Laplacian eigenvec-
tors for all interpolators with exception of O4q

3,4 where
the smearing with Nv=32 is used.

Eight interpolators Oψ(0)π(0)
1,..,8 are implemented in or-

der to allow the reliable extraction of two-meson states
ψ(0)π(0) with ψ=J/ψ, ψ(2S), ψ(3770), ψ3. We verified
for conventional charmonium that eight c̄c structures in
Oψπ

1,..,8 lead to a reliable signal for these four ψ’s after
the diagonalization of the 8× 8 correlation matrix. The
first six c̄c structures were employed already in [16], while
Oψπ

7,8 were added to enhance overlap with ψ3 [34]. The

ψ3 denotes the charmonium with JPC = 3−− and ap-
pears in addition to 1−− states when charmonia are sim-
ulated using the irreducible representation T−−

1 . This
is a consequence of the broken rotational invariance on
a lattice with finite lattice spacing, where the continu-
ous symmetry group is reduced to Oh. In order to study
the JPC = 1+− channel in this work, we employ lattice
interpolators that transform according to irreducible rep-
resentation T+−

1 of Oh. This irreducible representation
contains JPC = 1+− states, but also the ψ3 π state with
JPC = 3+−.

4	  tetraquark	  operators

Charmonium	  et	  al.:	  J/ψ	  π	  and	  more
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Level	  hun*ng
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FIG. 3. The spectrum in the channel IG(JPC) = 1+(1+−). (a,b) same as in Fig. 1, where the lattice spectrum is based on full
18× 18 correlation matrix; (c) shows the lattice spectrum based on the 14× 14 correlation matrix without diquark-antidiquark
interpolating fields O4q

1−4; spectra (d-g) are based on truncated correlation matrices as described in the figure; spectrum (h) is

based on O4q
1−4 only. The horizontal lines represent energies of the non-interacting two-particle states (2). Statistical errors on

the lattice spectrum are shown.

single-elimination jack-knife. The second and third un-
certainties are estimated bounds for the systematic er-
ror which need some discussion. The second uncertainty
consists of adding estimates for uncertainties from mu,d

dependence, charm quark discretization effects and pos-
sible scale setting ambiguities in quadrature. In absence
of a rigorous framework for the mu,d dependence of Z+

c
(which does contain valence d̄u quarks) our upper bound
for the associated uncertainty is mπ−mphy

π ≃ 0.13 GeV.
This corresponds to both, the mass dependence of the
pion itself and approximately to the mass dependence
of the fastest moving threshold in the system. Typical
charm quark discretization errors are of the same size as
in Fig. 3 of [33] and we expect them to add up to no more
than 70 MeV for E10 −ms.a. ≃ 1.1 GeV. The ambiguity
from our scale setting procedure to mZc

is expected to be
below 50 MeV. This combination results in a systematic
uncertainty of 0.16 GeV. The uncertainty from volume
effects can be of order ±ΓZ for a Zc with hadronic width
ΓZc

and only extracting phase shifts and inelasticities in
the coupled channel system can resolve this uncertainty.

This QCD result supports the existence of an exotic
Z+
c . The resulting mass (6) indicates that the established

state can be related to the relatively narrow Z+
c (4020)

or Z+
c (4025) observed slightly above D∗D̄∗ threshold by

BESIII [8, 9]. Our Z+
c also lies close above the D∗D̄∗

threshold (Fig. 1b) and the overlap of Z+
c to OD∗D∗

is
largest among all OM1M2 . The second possibility is to
relate Z+

c (6) with the broad state Z+(4200) observed
by Belle [10]. A relation of Z+

c (6) with the observed
Z+
c (3895)/Z+

c (3900) [4–7] is less likely in view of its mass.

We refrain from associating a specific structure such
as mesonic molecule, diquark-antidiquark, hadrocharmo-
nium [14] or Born-Oppenheimer tetraquark [15] with the
observed Zc hadron. The overlaps of the resulting state
with the employed interpolating fields in Fig. 2 however
suggest that O4q

1,3 and OD∗D∗

play a particularly impor-
tant role.

The ground state for the quantum numbers in our
study is J/ψ π and we observe it for most interpolators
at large t, also for O4q . Looking at the ground state
of the diquark-antidiquark correlators only, one cannot
reach conclusions regarding Z+

c . This holds also for the
ground states from ODD∗

(used in [25]) or OD∗D∗

cor-
relators alone. The coupling to J/ψ π, ηcρ (and possibly
some others) has to be taken into account, as shown by
our study. These cautionary remarks also apply to QCD
sum-rule studies that are based on correlators. A lattice
study for larger volumes will involve even more physical
states M1(k)M2(−k) and thus need further operators, a
highly challenging task.

In conclusion, our ab-initio QCD calculation provides
evidence for the existence of an exotic Z+

c . We find
a candidate for a state with a flavor content c̄cd̄u and
quantum numbers IG(JPC) = 1+(1+−) at a mass m =
4.16± 0.03± 0.16±O(ΓZc

) GeV. It could be related to
Z+
c (4020)/Z+

c (4025) recently discovered by BESIII or to
Z+
c (4200) found by Belle. Our result further confirms

that the simple classification of hadrons into q̄q mesons
and qqq baryons has to be revisited.

Prelovsek	  et	  al.,	  under	  construc*on

? ? ? ? ?
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Summary	  and	  outlook

ππ	  p-‐wave:	  ρ	  resonance	  
πK	  I=1/2,	  1/2	  s-‐	  and	  p-‐wave:	  κ	  and	  K*	  
a1	  and	  b1	  	  
πN	  1/2-‐	  s-‐wave	  
Ds	  
ψπ+
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Challenges:	  	  

Coupled	  channels,	  inelas*c	  regime	  

Physically	  large	  la0ces	  (many	  more	  levels)

cf.	  Döring	  et	  al.,	  EPJ	  A47(2011)139	  
Hansen	  &	  Sharpe,	  PRD86	  (2012)	  016007	  
Briceno,	  PRD89	  (2014)	  074507
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…and,	  finally
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