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Abstract
In 1970 Kurt Symanzik proposed a ‘precarious’ φ4-theory with a negative
quartic coupling constant as a valid candidate for an asymptotically free
theory of strong interactions. Symanzik’s deep insight into the non-trivial
properties of this theory has been overruled since then by the Hermitian
intuition of generations of scientists, who considered or consider this actually
non-Hermitian highly important theory to be unstable. This short—certainly
controversial—communication tries to shed some light on the historical and
formalistic context of Symanzik’s theory in order to sharpen our (quantum)
intuition about non-perturbative theoretical physics between (non-)triviality
and asymptotic freedom.

PACS numbers: 01.65.+g, 11.10.Cd, 11.10.Hi, 11.10.Ef

The fundamental laws of physics seem to follow a principle of beautiful simplicity, which
challenges human imagination and intuition to the extreme. One example is the theory of
quantum electrodynamics (QED), which describes nature to an extreme of accuracy, yet
virtually had to be declared dead by outstanding theoreticians due to its inherent problem of
‘triviality’, i.e. the absence of interaction for infinite cut-off:

L D Landau states in 1959 [1]: ‘. . . It was demonstrated by Pomeranchuk in a series
of papers that, as the cut-off limit is increased, the physical interaction tends to zero,
no matter how large the bare coupling constant is. . . . By now, the “nullification” of
the theory is tacitly accepted even by theoretical physicists who profess to dispute it.
. . . It therefore seems to me inopportune to attempt an improvement in the rigour of
Pomeranchuk’s proofs, especially as the brevity of life does not allow us the luxury
of spending time on problems which will lead to no new results. . . .’.

L D Faddeev writes on p 82 in [2]: ‘. . . In the USSR due to the zero charge result of
L. Landau et al for QED, field theory was virtually forbidden . . .’.
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D J Gross writes on p 92 f in [3]: ‘. . . the famous problem of zero charge, a startling
result that implied for Landau that “weak coupling electrodynamics is a theory,
which is, fundamentally, logically incomplete”. This problem occurs in any non-
asymptotically-free theory. . . . Under the influence of Landau and Pomeranchuk, a
generation of physicists was forbidden to work on field theory . . .’.

Or to use the words of R F Streater in his Lost Causes in Theoretical Physics
[4] (downloaded on 14.6.2005): ‘. . . Although it is nearly proved that there are no
solutions except the free or quasifree fields in four space-time dimensions to the
construction of a scalar Wightman field via the lattice approximation, some people
still hold out hope that a clever trick will be found to avoid the nearly proved fact
that the only fixed point of the renormalisation procedure is a trivial field. . . . It is
very demoralizing to be a research student working on a theory which will probably
lead to a trivial theory, if it leads to anything. This is not to say that the techniques of
constructive quantum field theory should not be studied. . . .’.

Another example is the seemingly only [6, 7] candidate quantum chromodynamics (QCD) [5]
for the ‘non-trivial’ theory of strong interactions, which is yet lacking conclusive experimental
evidence in what concerns the reality of gluons and its interface to experimentally verifiable
asymptotic states, besides theoretical accumulating arguments in favour of scalar confinement
(see, for example, [8, 9]) and well founded, yet unsettled concerns by a distinguished lattice
QCD expert [10].

Interestingly, it has been shown, for example, by Bender and Jones [11] using the example
of φ4-theory that triviality (d > 4) and non-triviality (d < 4) coexist in the infinitesimal
vincinity of d = 4 dimensions. Furthermore, it has been argued by, for example, Consoli et al
[12–14] that λφ4-theories, undergoing spontaneous symmetry breaking, are aymptotically free
(see also Huang [15]). Moreover, Consoli and Stevenson provide a beautiful and unexpected
outline of how the non-trivial phenomenon of spontaneous symmetry breaking takes
place [16].

It was as early as 1970 that Symanzik [21–23] proposed an asymptotic free λφ4-theory in
the context of the restless and painful struggle towards a theory of strong interactions involving
great scientists like, for example—among several others—Nambu and Gell-Mann, which is
beautifully described in [2, 3, 7, 17–20] and which led finally in 2004 to the well-deserved
Nobel Prize in Physics honouring the contribution of Gross, Politzer and Wilczek (obviously
performed under the strong influence of, e.g., Coleman, and in the presence of complementary
or foregoing related research work by scientists like, e.g., ’t Hooft and Symanzik) ‘. . . for the
discovery of asymptotic freedom in the theory of the strong interaction . . .’. To use the words
of the ‘The Nobel Prize in Physics 2004—Advanced Information’ [7]:

‘. . . experimentally verified scaling had a great impact on the physics community.
The idea now was to understand how a physical theory could include scaling, and
in 1970 Kurt Symanzik (d. 1983) argued that only a theory with a negative so-called
β-function can imply scaling; the term “asymptotic freedom” was coined for this kind
of theory. . . . Symanzik himself discovered a quantum field theory with a negative
β-function, namely one with a scalar field with a four-point interaction with a negative
coupling strength. However a theory of this kind is not well-defined, since it does
not have a stable particle spectrum. . . .’.

Yet Symanzik himself states [21] in 1970 about his theory, which presumably Stevenson called
‘precarious’ [24], that ‘. . . we know of no reason why (the renormalized) g should e.g. take
positive rather than negative values . . .’. Then he writes in a manuscript ‘A field theory with
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computable large-momenta behaviour’ received on 12.12.1972 and published on 13.1.1973 in
Lettere Al Nuovo Cimento [23]:

‘. . . In the current extensive discussion of ϕ4 theory it is usually taken for granted that
the renormalized coupling constant g must be positive. As emphasized previously
[21] there is no known reason, axiomatic or otherwise, for g > 0 to be required for
a physically acceptable theory. The feeling that otherwise the theory cannot have a
vacuum and particles of discrete mass is not rigorously founded as discussed near the
end of this letter . . . One must not consider, however, the g < 0 mode as an attempt
to continue the g > 0 one to negative g, which is certainly impossible analytically,
but as an entirely different mode of ϕ4 theory . . .’.

In the last sentence Symanzik displays a very deep understanding of the underlying formalism
required to construct correctly—as has been done just most recently by Bender et al [25, 26]
(see also [27])—a valid asympotically free electrodynamics inspired by an (unfortunately
incorrect) old argument [28] of Dyson (see also [29]).

In addition to the sizable amount of ‘traditional’ literature on Symanzik’s precarious
theory (see, for example, [11–15, 21–24, 30–40]), there has recently developed a renewed
highly topical interest in Symanzik’s precarious theory in the context of the relatively new
research field of PT-symmetric quantum theory1 (see also [43, 48–53]). This field makes
strong use of ideas developed in the context of quantum theories with indefinite metric (see for
example [54] and references therein) and is some special case of a more general non-Hermitian
quantum theory, a formulation of which by the author is in progress (see, for example,
[9, 54–57] and references therein).

We want to briefly mention here only the following important results concerning PT-
symmetric quantum theory: the claim of Bender and Boettcher [43] in 1998 that the class
of non-Hermitian, yet PT-symmetric Hamilton operators H = p2 + x2(ix)ε (ε > 0) has—
due to its PT-symmetry—a real spectrum bound from below was rigorously proven for a more
general class of PT-symmetric Hamilton operators in 2001 mainly on the basis of Bethe-ansatz
techniques [58–61]. Furthermore, it became clear that the construction of a meaningful scalar
product for such Hamilton operators yielding a probability interpretation and being defined on
contours in the complex x-plane yields essentially a non-Hermitian problem also for seemingly
‘Hermitian–looking’ PT-symmetric Hamilton operators like the quantum-mechanical analogue
of Symanzik’s precarious −φ4-theory, i.e. a −x4-theory (see e.g. [48, 62–65])2. As a final
step PT-symmetric quantum mechanics has been extended most recently [66] to PT-symmetric
quantum field theory. This allows us now to transfer the conclusions drawn in the context of
the non-Hermitian −x4-theory with sufficient care to Symanzik’s precarious −φ4-theory.

On this basis it is interesting to recall the immediate reaction of the 2004 Nobel Prize
winners to the foregoing ideas of Symanzik:

D J Gross and F Wilczek write in their famous manuscript ‘Ultraviolet behavior of
non-Abelian gauge theories’ [67], which was received on 27.4.1973 and published

1 The field rooted 1980 in the observation [41] (see also [42]) that some part of the spectrum of non-Hermitian
Hamilton operators like H = p2 + x2 + ix3 may be real. Based on a fascinating conjecture by D Bessis (and J
Zinn-Justin) of 1992, that the complete spectrum of this Hamilton operator is real and positive, C M Bender and S
Boettcher [43] (see also [44]) suggested in 1997 that a whole class of such Hamilton operators possess this feature
due to their antiunitary [45] PT-symmetry, i.e. symmetry under space- and time-reversal. These developments were
accompanied by related investigations in the context of (anharmonic) quartic oscillators (see, e.g., [46, 47]). A review
of early work has been provided in 2001 by M Znojil as a Preprint math-ph/0104012 (unfortunately published very
delayed in 2004 [48]) containing a lot of important references to related work.
2 Note that a causal (local) Minkowski spacetime implies non-Hermitian boundary conditions [54].
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on 25.6.1973 in Physical Review Letters: ‘. . . K. Symanzik (to be published) has
recently suggested that one consider a λϕ4 theory with a negative λ to achieve
UV stability at λ = 0. However, one can show, using the renormalization-group
equations, that in such theory the ground-state energy is unbounded from below
(S. Coleman, private communication) . . .’.

H D Politzer states in his famous paper ‘Reliable perturbative results for strong
interactions?’ [68] received on 3.5.1973 and published also on 25.6.1973 in Physical
Review Letters: ‘. . . λϕ4 theory with λ < 0 is ultraviolet stable (Ref. [K. Symanzik,
DESY Report No. 72/73, 1972]) and hence infrared unstable but cannot be physically
interpreted in perturbation theory. Using the computations of [S. Coleman and
E. Weinberg, . . .], for λ < 0 ‘improved’ perturbation theory is arbitrarily good
for large field strengths. In particular, the potential whose minimum determines the
vacuum decreases without bound for large field. . . .’.

Later, in 1975, D J Gross claims on p 186 ff in [69]: ‘. . . consider the most general
theory involving only scalar fields, φi . . . where I have chosen the φ’s to be real
(a complex field can always be written in terms of its real and imaginary parts). . . .

I shall prove (following S. Coleman): Theorem. If a scalar theory has an interaction
described by LI = −λijklφiφjφkφl and is asymptotically free then the effective
couplings λ̄ijkl(t) must be such that the quartic form λ̄ijkl(t)φiφjφkφl is non-negative
as t → ∞. Otherwise the vacuum energy is unbounded from below. Corollary. The
coupling λ, of the theory LI = −λφ4, must be positive. For if λ < 0 then the theory

is asymptotically free and λ̄(t)
t→∞−→ −1/t and thus λ̄φ4 → −φ4/t is not a positive

form. . . .’

The statements of Gross, Wilczek, and Politzer (which are reflected in the reasoning of
[6, 7] and unfortunately shared by a great majority of contemporary scientists due to the way
theoretical physics is presently taught in textbooks), which were interestingly written after the
publication of Symanzik’s manuscript [23], made use of the here not applicable assumption of
an underlying Hermitian quantum field theory and were obviously more guided by intuition
rather than a rigorous proof. Remarkably, Gross, Wilczek, and Politzer stand here in a great
tradition, as even Landau himself argued already as early as 1958 [70]:

‘. . . Negative values of g0 (for which, in the limit � → ∞, gc may not vanish)
are in general inadmissible because no stationary states of a boson system exist for
g0 < 0. Indeed, for boson fields a classical limiting case exists in which each state
may contain many particles. For g0 < 0 the energy of the classical field ϕ, . . . , is not
positive definite and can decrease indefinitely with increase of the field amplitude ϕ.
Physically this means that it should be energetically possible for an infinite number
of particles to be created from vacuum. Thus the vacuum cannot exist for g0 < 0.
. . .’.

Had Landau left aside here just once his brilliant intuition and elaborated slightly on the
non-Hermitian nature of the problem, he would have—probably—anticipated immediately,
what has been beautifully summarized by Bender et al in 2001 [71]:

‘. . . all of the eigenvalues of the Hamiltonian H = 1
2p2 + 1

2m2x2 − gx4 (g > 0) are
real. Even though the [Rayleigh–Schrödinger perturbation] series [for the ground
state energy of H] is not Borel summable, the imaginary part of the ground-state
energy is exactly zero due to the presence of the soliton . . . . The same result applies
to the non-Hermitian PT -symmetric [−gφ4] quantum field theory . . . . However,
again one must be very careful about nonperturbative effects. . . .’.
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On the basis of what is stated above it is hardly possible to agree with the following very
euphoric assessment by Professor Lars Brink of the Royal Swedish Academy of Sciences,
who stated in the presentation speech for the Nobel Prize in Physics 2004 [6]:

‘. . . This year’s Nobel Prize completes the picture that the work behind several earlier
prizes initiated and as a result we now know the fundamental building blocks and we
have a description of the four fundamental forces. . . . The theory of Gross, Politzer
and Wilczek successfully describes the physics of quarks, the matter from which we
are to a very large extent built. Since the discovery, further research has shown that
these theories are unique. No other theories can account for the experimental picture
and it is wonderful to know that Nature has chosen the only theory that we have found
to be possible. . . .’.

On the contrary, it was Kurt Symanzik who gave us not only the first, yet also a very feasible
[9] example that Nature has significantly more candidates for a theory of strong interaction at
its disposal than intuitively imagined.
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